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Résumé

Ce mémoire présente mes travaux de maitrise portant sur la mécanique quantique
bicomplexe. Les nombres bicomplexes constituent 'une des généralisations possibles
des nombres complexes et ceux-ci possedent une structure algébrique d’anneau com-
mutatif. Initialement, le projet de maitrise était d’utiliser les nombres bicomplexes
afin de construire un espace analogue a ’espace de Hilbert en mécanique quantique
standard. Cet espace de Hilbert bicompleze, ainsi que les opérateurs agissant sur celui-
ci, forment ce que I'on pourrait appeler une mécanique quantique bicomplexe, et I'idée
était d’utiliser celle-ci afin de résoudre finalement les problemes de 1'oscillateur harmo-
nique ainsi que de 'atome d’hydrogene bicomplexe. Cependant, plusieurs difficultés
d’ordre mathématique se sont présentées en cours de route, dont la solution a per-
mis d’écrire pas moins de deux articles sur ’algebre linéaire ainsi que sur les espaces
de Hilbert bicomplexes [1, 2], si bien que le probleme de 1'atome d’hydrogene fut

abandonné.

Ce mémoire, par articles, présente donc la solution algébrique du probleme de
l'oscillateur harmonique quantique dans un espace de Hilbert bicomplexe [3] ainsi que
de nombreux résultats et outils mathématiques qu’il a été nécessaire de développer

pour résoudre le probléme.

Raphaél Gervais Lavoie Louis Marchildon



Abstract

This thesis presents the work done during my master’s degree on bicomplex quan-
tum mechanics. Bicomplex numbers are one of the possible generalizations of complex
numbers and they possess the algebraic structure of a commutating ring. The initial
goal of this master’s degree was to build a structure analogous to the Hilbert spaces in
standard quantum mechanics, but standing on bicomplex numbers instead of complex
ones. This bicomplex Hilbert space, and the operators acting on it, form what we can
call a bicomplex quantum mechanics and we wanted to use it to solve the problems of
the quantum harmonic oscillator and hydrogen atom. However, some mathematical
difficulties arised on the way and forced us to abandon the hydrogen atom problem.
The solution of these difficulties allowed us to write two papers on bicomplex Hilbert

spaces and bicomplex linear algebra [1, 2].

This thesis, by articles, explores the algebraic solution to the harmonic oscillator
problem in the framework of bicomplex quantum mechanics [3] as well as many results

and mathematical tools that we developed during this investigation.
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Chapitre 1

Introduction

[ ..] even today the physicist more
often has a kind of faith in the
correctness of the new principles than
a clear understanding of them.

Werner Heisenberg [5, préface].

En physique, comme dans bien d’autres domaines, la recherche sur de nouveaux
terrains est rarement faite sans raison, ou du moins sans intuition. C’est pourquoi,
dans le présent chapitre, certaines des motivations ayant mené a ce mémoire seront

exposées. La structure du mémoire sera également brievement présentée.

1.1 Motivations

Il est entendu que les motivations présentées dans cette section ne constituent en
aucun cas une preuve justificative du mémoire, mais représentent plutot les réflexions

a priori ainsi qu’a posteriori de 'auteur face au présent sujet.
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1.1.1 Systémes de nombres

Toute théorie physique est formulée a ’aide d'une algebre, c¢’est-a-dire un ensemble
de regles, incluant une ou plusieurs lois de composition, agissant sur les éléments d’un
ensemble. Puisqu’il existe, en mathématiques, une myriade d’algebres différentes s’ap-
puyant sur une grande variété d’ensembles, toute théorie physique se doit, normale-
ment, de bien spécifier 'algebre ainsi que I’ensemble (le plus souvent un systeme de

nombres) utilisés pour la construction de ladite théorie.

Bien que ce point puisse sembler évident, ou méme insignifiant pour certains, la
tdche n’en est pas moins ardue. En effet, comme le souligne Penrose [6, p. 59], il ne
semble pas possible de déduire le systeme de nombres sur lequel s’appuie une théorie

de I'expérience;
)

In the development of mathematical ideas, one important initial driving
force has always been to find mathematical structures that accurately mir-
ror the behaviour of the physical world. But it is normally not possible to
examine the physical world itself in such precise detail that appropriately
clear-cut mathematical notions can be abstracted directly from it.

En fait, Penrose va méme plus loin en remettant en question la pertinence d’utiliser un
systeme de nombres continu, comme celui des réels, alors que depuis le tout début de
la théorie quantique, nous savons qu’au moins certains aspects de la nature posseédent

un caractere purement discret.

Comme l'indiquait déja Reichenbach il y a plus de 60 ans [4, p. 66], plus souvent

qu’autrement c’est 'instinct du physicien qui ouvre la voie;

It was the instinct of the physicist which pointed the way. It is true that
the men who did the work felt obliged to adduce logical reasons for the
establishment of their assumptions; and it seems plausible that this appa-
rently logical line of thought was an itmportant tool in the hands of those
who were confronted by the task of transforming ingenious guesses into
mathematical formulae.
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L’idée est que le systeme de nombres et 1’algebre utilisés pour construire une théorie
sont essentiellement arbitraires. La justification du choix du systeme de nombres utilisé
provient essentiellement du succes ou de 1'échec de la théorie a modéliser de facon
adéquate le monde qui nous entoure. En ce sens, I'idée de construire une théorie a
partir des nombres bicomplexes semble, a priori, tout aussi justifiée que d’utiliser les
nombres complexes en mécanique quantique standard ou encore les nombres réels en
mécanique classique. Ce n’est qu'une fois la théorie construite, et par confrontation

avec l'expérience, qu’il sera possible de juger de la pertinence ou non de ce choix.

1.1.2 Structures des théories physiques

Dans un tout autre ordre d’idées, I'un des plus grands défis — sinon le plus grand —
de la physique théorique moderne concerne 'unification de la théorie de la relativité
et de la mécanique quantique au sein d'une unique théorie cohérente. La majorité des
tentatives en ce sens tendent a montrer que les deux théories sont fondamentalement
incohérentes pour toutes sortes de raisons qu’il serait trop long de développer ici (le

lecteur peut se référer a [6, 7, 8, 9, 10]).

Cela dit, un point important reste a noter. Il semble que la mécanique quan-
tique nécessite (ou du moins soit simplifiée par) I'utilisation des nombres complexes
(11, 12, 13]. A Dinverse, la théorie de la relativité semble se simplifier lorsqu’elle est
formulée a 'aide de ’algebre hyperbolique [6, 14, 15, 16, 17]. De ceci, on peut penser
qu’une structure mathématique adéquate a 'unification de la relativité et de la mé-
canique quantique devrait également unifier les nombres complexes et hyperboliques.
Les nombres bicomplexes constituent justement, comme nous allons le voir plus en
détail au chapitre 2, la plus simple structure mathématique, de dimension quatre,

unifiant les nombres complexes et les nombres hyperboliques.
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1.1.3 Choix du probléme

L’oscillateur harmonique est sans I’ombre d’un doute I'un des problemes les plus
importants de la physique. C’est probablement le probleme le plus étudié et le plus
utilisé d’entre tous. Il fait son apparition dans pratiquement toutes les branches de
la physique. En mécanique classique, il se manifeste sous la forme du pendule simple
et de systemes masse-ressorts de faible amplitude connus depuis Hooke et Newton
[18, p. 507-519]. En thermodynamique, l'oscillateur harmonique est a la base de la
solution apportée par Planck au probleme du rayonnement du corps noir [19, chap.
1]. En physique de 1’état solide et de la matiere condensée, il est régulierement utilisé
pour modéliser le couplage entre les différents atomes d’un cristal [20, chap. 4]. En
électromagnétisme, le modele de 'oscillateur harmonique est utilisé pour schématiser

des circuits oscillants, des antennes rayonnantes [21, chap. 10], etc.

Considérant ces faits, il semble naturel d’explorer, de prime abord, la mécanique
quantique bicomplexe a I’aide du probléeme le plus simple qui soit, 'oscillateur har-
monique quantique bicomplexe. A la section 3.1, nous donnons quelques motivations

supplémentaires spécifiques a 1’oscillateur harmonique quantique.

1.1.4 Monopole des nombres complexes

Finalement, dans la littérature scientifique, on retrouve un nombre important de
travaux portant sur toutes sortes de généralisations de la mécanique quantique a 'aide
d’algebre « non standard », [22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 306].
Nul doute que I'un des articles instigateurs en ce sens est celui de Birkhoff et von
Neumann [37] qui a mis en évidence la possible extension de la mécanique quantique

au corps des quaternions, et ce, des 1936.
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Cependant, a notre connaissance, il n’existe aucune solution explicite du probleme
de l'oscillateur harmonique quantique formulé dans une algebre différente de celle des
nombres complexes (exception faite de la solution présentée dans ce mémoire) '. Nous

croyons qu’a lui seul, ce dernier point justifie amplement l'investigation menée en [3].

1.2 Structure du mémoire

Le présent mémoire étant un mémoire par articles, sa structure sera plutot diffé-
rente de celle d’'un mémoire traditionnel. La premiére partie du mémoire sera compo-
sée a la fois d’une introduction aux nombres bicomplexes plus substantielle que celle
figurant dans les articles, ainsi que d’éléments considérés superflus dans une publica-
tion, mais néanmoins utiles a la compréhension. La seconde partie sera composée des

articles a proprement parler.

De facon plus détaillée, le chapitre 2 sera essentiellement une introduction aux
nombres bicomplexes ainsi qu’a ’arsenal mathématique utile a la compréhension du
mémoire. L’idée de la généralisation des nombres réels y est abordée avec une in-
sistance sur le processus de complexification. Ensuite, les nombres bicomplexes sont
présentés en tant que tels et ceux-ci sont brievement situés par rapport aux autres
structures de nombres. Les concepts de corps et d’anneaux algébriques sont également

énoncés, ainsi que les structures d’espaces vectoriels et de modules.

Le chapitre 3 introduit finalement les deux articles présentés comme exigence par-
tielle du mémoire. Un résumé en francais précedera chacun des articles et il sera

également question du lien entre les deux ainsi que de la contribution de I’étudiant.

1. Adler [26] présente le probléme de 1'oscillateur harmonique en mécanique quantique quaternio-
nique, mais ne donne que I’équation différentielle sans, a notre connaissance, résoudre a proprement
parler le probléme.
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Nombres bicomplexes

If science raises a question like the
anthropic question that cannot be
answered in terms of processes that
obey the laws of nature, it becomes
rational to invoke an outside
agency such as God.

Lee Smolin [9, p. 197].

Les nombres bicomplexes, bien que trés peu connus, sont 'une des généralisa-
tions possibles des nombres complexes a la dimension quatre. En fait, les nombres
bicomplexes peuvent étre vus dans un sens plus large encore. Pour mettre ce point en
évidence, nous expliquerons un peu plus en détail le processus menant aux nombres

bicomplexes. Pour ce faire, retournons au corps des nombres réels.
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2.1 Généralisation des nombres réels

Historiquement, la premiére généralisation des nombres réels (R) fut les nombres

complexes (C), notés
C::{z:aeri‘a,beR, i?=-1}. (2.1)

Ceux-ci se présenterent sous la forme de solution « acceptable » a bon nombre d’équa-
tions polynomiales. Quoique réticents au début [38, chap. 4], les gens finirent par
accepter les nombres complexes et les intégrerent un peu partout. Aujourd’hui, bon
nombre de théories physiques ou de solutions utilisent les nombres complexes, soit par

obligation, soit comme raccourcis dans les calculs.

Cependant, en tentant de mieux comprendre la généralisation des réels aux com-
plexes, on se rendit compte qu’il existait également deux autres fagons de généraliser
les nombres réels. Ces deux autres extensions des réels sont les nombres hyperbo-
liques (D) et les nombres duaux ou paraboliques, que nous noterons P, bien qu’il ne
semble pas exister de consensus quant au symbole pour les représenter. Les nombres

hyperboliques et duaux sont définis comme

]D)::{d:aerj‘a,be]R, =1}, (2.2)
P .=

{p:@—l-bs‘a,bER, 5220}. (2.3)

On dit de € qu’il est un élément nilpotent, tandis que j est parfois noté h et représente
la partie « hallucinatoire » [39]. Pour une démonstration plus formelle de I'existence
des nombres duaux et paraboliques, le lecteur peut se référer a I'argument de Yaglom

ou de Kantor et Solodonikov, repris par Hucks [40, sec. 2].
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2.1.1 Liens avec la physique

S’il n’est nullement besoin de commenter 'utilisation des nombres complexes en
physique, il est cependant utile de donner quelques applications des nombres hyper-
boliques et duaux. Bien que les nombres duaux soient les moins bien connus des trois,
ils sont tout de méme utilisés pour investiguer certains problemes de la physique.
Par exemple, Frydryszak propose un modele d’oscillateur harmonique utilisant des
éléments nilpotents [41, 42]. Il propose également d’utiliser les nombres duaux afin
de représenter certains systemes physiques, ou la partie nilpotente modéliserait des
fermions, alors que la partie réelle représenterait des bosons [42]. Dans ce cas, la si-
gnification physique de la propriété €2 = 0 ne serait autre que le principe d’exclusion

de Pauli pour les fermions.

Pour ce qui est des nombres hyperboliques, Kocik [30] étudie, entre autres, les
relations entre 1’équation de Schrodinger et les processus de diffusion via la nature
des nombres complexes et hyperboliques. L’équation de Schrodinger hyperbolique
ainsi que les transformations de Fourrier hyperboliques sont également étudiées par
Zheng et Xuegang [43]. En fait, une relation entre les nombres hyperboliques et la
relativité restreinte a été notée par Fjelstad [39] il y a 25 ans déja, et a été citée a de

nombreuses reprises depuis [36, 40, 44, 45].

2.2 Complexification

Une des méthodes de généralisation des nombres utilise ce que I’on pourrait appeler
une « complexification ». Ce processus consiste a remplacer tous les nombres réels par
des nombres complexes. Pour qu'une complexification ait lieu, il faut également que la

nouvelle unité imaginaire soit linéairement indépendante des autres qui peuvent étre
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présentes dans 1’équation. Considérons, par exemple, le nombre complexe

a—+ bil, (24)
avec a, b € R et i; une unité imaginaire telle que i3 = —1. Effectuons la transformation
suivante

ar— xr]+ CL’Qil, (25)
b— T3 + x4i1, (26)

avec x1, Tz, r3, x4 € R. Remplagant (2.5) et (2.6) dans (2.4), nous obtenons

a + bll — x1 + Taiy + .ngil -+ .T4li = (.Tl — LU4) -+ (.132 + $3)i1. (27)

Clairement, on trouve que a = x; — x4 € R et b = 9 + 23 € R. L’équation (2.7)
montre bien que lorsque la transformation est effectuée sur une unité imaginaire (i)
qui n’est pas linéairement indépendante des autres unités imaginaires présentes, la
forme algébrique de I’équation n’est pas affectée par la transformation. En effet, nous

avons toujours un nombre complexe (en iy) du type a + bi;.

Par contre, effectuons la transformation

a — x1 + T3is, (2.8)
b— To + l’4i2, (29)
toujours avec xy, o, 73, T4 € R, mais cette fois avec iz une unité imaginaire (i3 = —1)

linéairement indépendante de i;. Nous trouvons donc

a+ bi; — 11 + xoiy + x3ig + x4iqis. (210)

Clairement, cette équation possede maintenant deux parties imaginaires, d’ou le terme
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« complexification ». Bien évidemment, le premier terme est un terme réel, mais exa-
minons un peu mieux le dernier terme. Le comportement des unités imaginaires,
hyperboliques ainsi que paraboliques, est essentiellement déterminé par le comporte-
ment de leur carré. Aussi longtemps que les unités imaginaires i; et i; commutent

entre elles, c’est-a-dire iyis = iziy, on voit que
(i1i2)? = iyigiyip = iji3 = (—1)(~1) = 1. (2.11)

De ceci, on conclut que ijis possede le méme comportement qu’une unité hyperbolique,

et on peut noter

L’équation (2.12) fait également ressortir un point important. Si nous effectuons une

conjugaison complexe (notée ~ ) de toutes les unités imaginaires, nous obtenons

j=1iia = (—i1)(—i2) = iziz = j. (2.13)
Donc, par construction, nous obtenons clairement j = j. Ce dernier point est important
puisque dans la majorité de la littérature, il est généralement admis que j = —j, ce
que nous n’obtenons pas. Par contre, comme nous pouvons le voir dans [34, 35, 46], il
est également possible de définir deux autres types de conjugaison sur les bicomplexes,
qui font en sorte que le conjugé de j soit —j. En fait, les deux autres conjugaisons
possibles sont simplement la conjugaison de i; uniquement, puis de i uniquement.
On peut cependant noter que la conjugaison sur les bicomplexes qui sera utilisée dans

ce qui suit ainsi que dans les articles est celle représentée par (2.13).
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2.3 Nombres bicomplexes

L’équation (2.10) forme ce que I'on appelle I'ensemble T des nombres bicomplexes
T :={w =z + x2i1 + x3i2 + 24j | 1,22, x3,24 € R}, (2.14)

et
i1l = j = i1, i1j = —i2 = jiy, i) = —iy = jia. (2.15)

De (2.14), on voit clairement que les nombres bicomplexes contiennent a la fois les
nombres complexes et les nombres hyperboliques. Il est intéressant de noter, comme
le suggere la figure 2.1, que la complexification des nombres complexes, de méme que
la complexification des nombres hyperboliques, engendrent toutes deux la structure

des nombres bicomplexes.

Le processus de complexification peut étre appliqué de fagon itérative. Lorsqu’on
I’applique deux et trois fois, on génere respectivement les bicomplexes et les tricom-
plexes. En général, on génere les multicomplexes d’ordre n en appliquant n fois le
processus de complexification. Il est entendu que n = 0 représente les nombres réels.
La dimension des nombres multicomplexes, c¢’est-a-dire le nombre d’éléments linéai-

rement indépendants formant le multicomplexe, est donnée par D = 2™.

Il est intéressant de noter, bien que ceci s’éloigne quelque peu de l'objectif de ce
mémoire, qu'une généralisation des réels pourrait également étre faite par « hyperbo-
lisation ». Dans ce cas, I’hyperbolisation des complexes engendre encore une fois les
bicomplexes, alors quune hyperbolisation des nombres hyperboliques menerait a une
nouvelle branche de nombres, que nous pourrions appeler les multiperboliques. Dans ce

cas, une hyperbolisation d’ordre deux engendrerait les biperboliques, et ceux-ci seraient
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Réels (R)

[Hyperboliques (]D))} @IX (P) [Complexes ((C)}

[Biperboliques ?} [Bicomplexes (T) } [Quaternions (H) ]

l Vv 2

[Tricomplexes (M(Cg)} [Octonions (@)}
1

¢ [Sédéni\(;ns (S)]
[Multicomplexes (I\\/HCn)} :

i l

[ Algebres de Clifford (CL, 4(+)), Algebres de Grassman (Gr,,(-)), ...

FIGURE 2.1 — Généralisation des nombres

donnés par

biperboliques := {x; + 2] + x3j2 + T4jj2 | ©1, T2, x3, 24 € R}. (2.16)

Dans ce cas, ’élément jjo possede les propriétés d'une unité hyperbolique. Le processus

d’hyperbolisation peut étre poursuivi au méme titre que celui de complexification.

2.3.1 Nombres bicomplexes versus quaternions

Bien que les nombres bicomplexes soient une généralisation des nombres réels de
dimension quatre, ceux-ci forment néanmoins une structure algébrique compléetement

différente de I'autre généralisation des réels de dimension quatre bien connue, c’est-
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a-dire les quaternions. En effet, les quaternions forment un corps non commutatif,
tandis que les nombres bicomplexes forment un anneau commutatif. Plus précisément,

le corps des quaternions est défini comme
H := {x1 + @2l + w3j + x4k | 71, 29, 23, 74 € R}, (2.17)

ou la multiplication des unités 1, i, j et k est régie par [38, p. 295]

illi]-1] k | —j iP=j=k*>=-1. (2.18)

...
Il

La commutativité des bicomplexes implique que ab = ba pour a,b deux scalaires
bicomplexes (voir (2.15)), tandis que ab # ba en général si a,b sont deux scalaires

quaternioniques (voir (2.18)).

Le fait que les nombres bicomplexes forment un anneau algébrique plutot qu’un
corps provient du fait que les nombres bicomplexes comportent des éléments non
inversibles, que l'on appelle diviseurs de zéro. En fait, a,b sont des diviseurs de zéro

si
ab=0, et a#0#b. (2.19)

Si l'on définit

14 1]
_ 1t eyi= -9 (2.20)

€1 : 9 ) 92 )

on voit aisément que e;es = 0. On a donc un exemple de diviseurs de zéros.
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Les éléments e; et es simplifient considérablement 1’algebre des nombres bicom-

plexes, comme nous le verrons en détail dans les articles.

2.4 Modules bicomplexes

Dans cette section, nous ferons un bref retour sur deux structures algébriques
importantes, afin de mieux comprendre ou se situent les nombres bicomplexes ainsi

que les structures basées sur ceux-ci.

2.4.1 Corps et anneaux algébriques

Les concepts de corps et d’anneaux algébriques sont définis a partir d’'un ensemble
d’éléments et d'un certain nombre de lois de composition agissant sur les éléments de

’ensemble.

Anneau algébrique : Soit S = {x;}, un ensemble et soit + et - deux opérations
binaires appelées addition et multiplication respectivement. L’ensemble S sera un
anneau algébrique si et seulement si les propriétés suivantes sont respectées pour tout
T, x5, 2, € S [47, 48];

1. Fermeture sur I'addition : x; +x; = 2 et z;, € S,

2. Associativité de addition : (z; + ;) + 2, = ; + (x; + ),

3. Neutre additif : 0 + x; = x; + 0 = x;,

4. Commutativité de 'addition : z; + x; = z; + x4,

5. Inverse additif : il existe un x; € S tel que x; + x; = 0,

6. Fermeture sur la multiplication : z; - x; = o) et 3, € S,

7. Associativité de la multiplication : (z; - z;) - 2 = ; - (x; - 1),
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8. Distributivité de la multiplication sur 'addition : x; - (z; + x) = z; - x; + z; - Ty,

et (v + ;) op =T - T + T; - Ty

Corps algébrique : Soit S = {z;}, un ensemble et soit + et - deux opérations
binaires appelées addition et multiplication respectivement. L’ensemble S sera un
corps algébrique si et seulement si ’ensemble S est un anneau algébrique, et possede
en plus les propriétés

9. Neutre multiplicatif : 1-z; = x; - 1 = x;,

10. Inverse multiplicatif : pour tout z; € S, il existe un x; € S tel que z; - x; = 1.

De ces deux définitions, on voit clairement qu’un anneau possede une structure
plus générale qu'un corps. En d’autres mots, un corps est un cas particulier d’anneau

algébrique. Le symbole - est normalement omis.

Un exemple bien simple de corps est celui des nombres réels. En effet, ’ensemble
des réels satisfait aux dix caractéristiques d’un corps, plus quelques caractéristiques
supplémentaires comme par exemple la commutativité sur la multiplication (z -y =

y-x, z,y €R).

Les nombres bicomplexes, quant a eux, forment un anneau plutot qu'un corps. En
effet, la propriété 10 pose probleme pour I’ensemble des bicomplexes. Par exemple, le
fait que e;e; = 0 implique que ni ey, ni e; ne possede d’inverse multiplicatif. Il n’est

donc pas possible de trouver un x € T tel que ey -z =1, k =1, 2.

2.4.2 Espace vectoriel et module

Soit )V un ensemble et S un corps, et soit 4 et - deux opérations binaires. Supposons

que pour tout |u), |[v) et |w) dans V, et pour tout «, § dans S, nous ayons
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—_

) £ o) = o) + |w),

[\]

- (lw) +[0) + |w) = |u) + ([v) + |w)),

3. il existe un élément |0) dans V tel que |0) + |u) = |u),

4. 0+ |u) =0),
5. 1-|u) = |u),
6. a-(lu) +[v) = a-|u) +a-v),
T (a+f)-Ju) = a-fu)+ - |u),

8. (af) - fu) = a-(B-[u)),

alors le quadruplet (V, S, +,-) est appelé espace vectoriel [49, 50].

Les espaces vectoriels sont d'une importance capitale puisque ce sont généralement
dans ces espaces que vivent tous les vecteurs d'une théorie, et ce, que ce soit des
vecteurs de l'espace des phases ou bien de l'espace physique a une, deux, trois ou

encore quatre dimensions.

Un module posséde les mémes propriétés qu'un espace vectoriel, mais repose sur un
anneau algébrique plutdét qu'un corps. De ceci, on déduit directement que la structure
analogue a celle d’espace vectoriel, mais reposant sur ’anneau des bicomplexes, forme

un module. Nous noterons T-module un module construit sur les nombres bicomplexes.



Chapitre 3

Présentation des

articles

Our imagination is stretched to the
utmost, not, as in fiction, to imagine
things which are not really there,

but just to comprehend those

things which are there.

Richard P. Feynman [51, p. 121].
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3.1 Premier article

Le probleme de l'oscillateur harmonique est I'un des problemes les plus importants
et les plus étudiés en mécanique quantique. Pour ne donner qu’un exemple, il suffit
de regarder le titre du chapitre 2 de Bohm [52]: Foundations of Quantum Mechanics
— The Harmonic Oscillator. L'importance de ce probleme provient fort probablement
de deux points majeurs. Premierement, 1’oscillateur harmonique est le probleme non
trivial le plus simple. Deuxiemement, 1’oscillateur harmonique quantique possede une
solution analytique. Ce dernier point peut sembler évident, mais rappelons qu’en mé-
canique quantique, peu nombreux sont les problemes ayant une solution analytique.
Lorsqu’il n’existe pas de solutions analytiques, il faut recourir aux solutions numé-
riques, ou encore aux méthodes de perturbations utilisant normalement un probleme
connu comme point de départ. En ce sens, I'une des grandes utilités de 'oscillateur
harmonique quantique est justement de tenir lieu de probleme connu dans la théorie

des perturbations.

3.1.1 Solution différentielle

Non seulement 'oscillateur harmonique quantique se résout de fagon analytique,
mais il existe en fait deux facons différentes de résoudre le probléeme. La premiere
méthode consiste a transformer I'équation aux valeurs propres de I’'Hamiltonien de
I'oscillateur harmonique en une équation différentielle, puis de la résoudre. Pour ce
faire, écrivons ’'Hamiltonien de 'oscillateur harmonique quantique,

P? 1

H = % + 5777,&}2)(2, (31)

ou P est I'opérateur d’impulsion et X l'opérateur de position. Les quantités m et w

sont deux nombres réels positifs normalement associés a la masse et a la fréquence de
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loscillateur. A noter que dans la définition de (3.1), H, X et P sont des opérateurs
hermitiques. L’Hamiltonien a lui seul ne suffit cependant pas a spécifier totalement le
probleme. Il faut en plus définir dans quel espace agissent les opérateurs H, X et P.
Traditionnellement, ceux-ci agissent dans un espace vectoriel complexe de dimension
infinie. Dans notre cas, pour 'oscillateur bicomplexe, notre « espace » sera un module

(T-module) bicomplexe de dimension infinie.

Pour transformer I’équation aux valeurs propres associée a (3.1) en une équation
différentielle, nous devons spécifier 'action des opérateurs H, X et P sur les éléments
de ’ensemble. Pour ce faire, il est nécessaire d’introduire un postulat supplémentaire,
soit sur ’action de 'opérateur P, soit sur la relation de commutation de X et P. Dans

notre cas, nous avons choisi la seconde option.

Postulat 1. La relation de commutation des opérateurs X et P, agissant dans un

module bicomplexe M, est un multiple de [’identité.

En d’autres mots, le postulat 1 peut s’écrire comme
[X, P] = wl, (3.2)

avec w € T, une constante bicomplexe et I I'opérateur identité sur le module bicom-

plexe M. Sans perte de généralité, nous pouvons écrire

(X, P] = iy héI, £eT. (3.3)

Il n’est pas tellement difficile de montrer [3] que la constante £ doit étre hyperbo-
lique pour que X et P soient des opérateurs hermitiques. De plus, si 'on demande
que les valeurs propres de 'opérateur de position (X) soient des nombres réels et que

I’on utilise les propriétés du delta de Dirac, on peut montrer que 'action de X et P



Chapitre 3. Présentation des articles 20

est donnée par
) d
XA{u(x)} — zu(x), P{u(z)} — —11h§d—u(az), (3.4)
x
ou u(z) sont les fonctions propres de ’Hamiltonien, telles que

H{u(z)} = Eu(z). (3.5)

En appliquant ’Hamiltonien (3.1) sur une fonction propre, et en utilisant (3.4),
on obtient I’équation différentielle
h2&% d? 1

e () + g au(e) = Bu(a) (3.6)

I1 suffit alors de résoudre cette équation pour trouver les valeurs propres ainsi que les
fonctions propres de Poscillateur harmonique quantique bicomplexe. A noter cepen-
dant que (3.6) est une équation différentielle bicomplexe & variable réelle au sens ou £
et F sont des constantes hyperboliques (du fait que H est hermitique) et u(x) est une
fonction bicomplexe d’une variable réelle. Cependant, pour des raisons de symétrie,

on peut montrer que u(x) est en fait une fonction hyperbolique d’une variable réelle.

3.1.2 Solution algébrique

Dans ce mémoire, nous utiliserons cependant une approche différente, en 1'oc-
curence la solution algébrique. L’approche algébrique du probléeme de l'oscillateur
harmonique quantique, quoique plus longue que 'approche différentielle, permet de
mieux comprendre le comportement des solutions. En effet, le nombre infini de solu-
tions ainsi que l'unicité de la solution fondamentale de 'oscillateur apparaissent de
fagon naturelle dans I'approche algébrique, alors que dans ’approche différentielle, il

s’agit essentiellement d’une constatation.
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Puisque 'article [3] développe cette approche en détail, nous ne ferons que relever

quelques points particulierement importants de cette méthode.

Premierement, la solution algébrique permet de contourner quelque peu les pro-
bléemes reliés a l'utilisation d’un module bicomplexe de dimension infinie. En effet,
dans la méthode différentielle, il semble nécessaire de postuler un module de dimen-
sion infinie dans lequel les opérateurs H, X et P agissent pour trouver les fonctions
d’onde. Cependant, pour que le probléme soit cohérent, il faut que ce module de di-
mension infinie ait les propriétés d'un espace de Hilbert, en particulier la propriété de
complétude. On en vient donc a devoir démontrer la convergence de suites de Cauchy
bicomplexes, ce qui n’est pas nécessairement évident. Un autre probleme de taille relié
a la dimension infinie du module est de démontrer que 'action des opérateurs H, X

et P est bien fermée sur le module.

Cependant, en ce qui a trait a la solution algébrique, il semble exister au moins
une fagon de contourner certains, sinon la majorité, des problemes liés a la dimension
infinie du module, dont les probléemes de convergence. En effet, et c¢’est ce que nous
faisons dans [3], il est possible de résoudre le probleme par construction. Dans cette
approche, on effectue un certain nombre d’hypotheses [3, sec. 3.1], plus ou moins
raisonnables, a propos de notre modele. On peut alors résoudre le probleme sur la
base de ces hypotheses. Finalement, une fois les solutions du probléme obtenues, on
vérifie que les hypotheses de départ sont bien respectées. A noter que ce dernier point,
la vérification des hypotheses de départ, est absolument crucial pour que I'approche

par construction soit cohérente.

Procédant de cette fagon, deux conséquences tres importantes ressortent de ’ap-
proche par construction, soit le nombre infini de solutions et donc la dimension infinie
du module bicomplexe, et la fermeture des opérateurs H, X et P sur le module
considéré. En ce sens, I'approche par construction de la solution algébrique permet

de trouver les valeurs propres et les fonctions propres de 'oscillateur harmonique bi-
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complexe, et ce, de facon cohérente et en évitant les questions de convergence et de

dimension infinie.

Les calculs préliminaires ainsi que les premieres versions de 'article ont été rédigés
par RGL sous la supervision judicieuse de LM et DR. Des améliorations de toutes
sortes ont été apportées par les trois auteurs (principalement LM et DR) et la version

soumise a été peaufinée et essentiellement reformulée par LM.
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Abstract

The problem of the quantum harmonic oscillator is investigated in the frame-
work of bicomplex numbers. Starting with the commutator of the bicomplex po-
sition and momentum operators, we find eigenvalues and eigenvectors of the bi-
complex harmonic oscillator Hamiltonian. We construct an infinite-dimensional
bicomplex module from the eigenkets of the Hamiltonian. Coordinate-basis
eigenfunctions of the bicomplex harmonic oscillator Hamiltonian are obtained
in terms of hyperbolic Hermite polynomials.

1 Introduction

The mathematical structure of quantum mechanics consists in Hilbert spaces defined
over the field of complex numbers [1]. This structure has been extremely successful in
explaining vast amounts of experimental data pertaining largely, but not exclusively,
to the world of molecular, atomic and subatomic phenomena.

That success has led a number of investigators, over many decades, to look for
general principles that would lead quite inescapably to the complex Hilbert space
structure. In recent years, some of these efforts have focused on information-theoretic
principles [2, 3]. The fact is, however, that there is no compelling argument restricting
the number system on which quantum mechanics is built to the field of complex
numbers. A possible extension of quantum mechanics to the field of quaternions



was pointed out long ago by Birkhoff and von Neumann [4], and it has since been
developed substantially [5, 6].

The fields of real (R) and complex (C) numbers, together with the (noncommu-
tative) field of quaternions (H), share two properties thought to be very important
for building a quantum mechanics. Firstly, they are the only associative division
algebras over the reals [7]. A division algebra is one that has no zero divisors, that
is, no nonzero elements w and w’ such that ww’ = 0. Secondly, they are the only
associative absolute valued algebras with unit over the reals [8]. An absolute valued
algebra is one that has a mapping N(w) into R that satisfies

2

0) =

ii. N(w) > 0if w # 0;

=
=

(
(

iii. N(aw) = |a|N(w) if a € R;
(w1 +ws) < N(wr) + N(ws);
(

v. N(wjws) = N(wy)N(ws).

Property (v), in particular, is widely believed crucial to represent quantum-mechanical
probabilities and the correspondence principle with classical mechanics.

Yet several investigations have been carried out on structures sharing some charac-
teristics of quantum mechanics and based on number systems that are neither division
nor absolute valued algebras [9, 10]. Of these number systems the ring T of bicom-
plex numbers is among the simplest. It has already been shown [11] that structures
analogous to bras, kets and Hermitian operators can be defined in finite-dimensional
modules over T.

In this paper we intend to pursue that investigation further by extending to bi-
complex numbers the problem of the quantum harmonic oscillator. The harmonic
oscillator is one of the simplest and, at the same time, one of the most important
systems of quantum mechanics, involving as it is an infinite-dimensional vector space.

In section 2 we review the main properties of bicomplex numbers that we will use,
together with the notions of module, scalar product and linear operator. Section 3 is
devoted to the determination of eigenvalues and eigenkets of the bicomplex quantum
harmonic oscillator Hamiltonian, along lines very similar to the algebraic treatment
of the usual quantum-mechanical problem. An infinite-dimensional module over T is
explicitly constructed with eigenkets as basis. Section 4 develops the coordinate-basis
eigenfunctions associated with the eigenkets obtained. This leads to a straightforward
and rather elegant generalization of the usual Hermite polynomials, some of which are
plotted explicitly. Section 5 connects with standard quantum mechanics and opens
up on new problems.



2 Bicomplex numbers and modules

This section summarizes basic properties of bicomplex numbers and finite-dimensional
modules defined over them. The notions of scalar product and linear operators are
also introduced. Proofs and additional material can be found in [11, 12, 13, 14].

2.1 Algebraic properties of bicomplex numbers
The set T of bicomplex numbers is defined as
T :={w = we + wi, 11 + wi,io + wjj | we, wi,, wiy, w; € R}, (2.1)

where i1, i, and j are imaginary and hyperbolic units such that i = —1 = i and
j2 = 1. The product of units is commutative and defined as

o =3,  Lj=—lp,  1oj = —i1. (2.2)

With the addition and multiplication of two bicomplex numbers defined in the obvious
way, the set T makes up a commutative ring.
Three important subsets of T can be specified as

Clig) ={x+vyix | v,y eR}, k=12 (2.3)
D:={z+yj|z,yeR} (2.4)

Each of the sets C(iy) is isomorphic to the field of complex numbers, and D is the set of
hyperbolic numbers. An arbitrary bicomplex number w can be written as w = z+ 2/ia,
where z = w, + wy,1; and 2’ = w;, + w;i; both belong to C(i;).

Bicomplex algebra is considerably simplified by the introduction of two bicomplex
numbers e; and e, defined as

1 1—j
e = ﬁ, €g (= —J (25)

One easily checks that
el =ey, e2 = ey, e +ey =1, eex = 0. (2.6)
Any bicomplex number w can be written uniquely as
w = z1€1 + 22€2, (2.7)
where z; and z3 both belong to C(i1). Specifically,

21 = (we + wj) + (wi1 — wi2)il, Z9 = (we — IUj) + (wi1 + wiQ)il. (28)



The numbers e; and ey make up the so-called idempotent basis of the bicomplex
numbers. Note that the last of (2.6) illustrates the fact that T has zero divisors
which, we recall, are nonzero elements whose product is zero.

With w written as in (2.7), we define two projection operators P; and P, so that

Pi(w) = 2z, Py(w) = 2. (2.9)
One can easily check that, for k£ =1, 2,
[P? =Py, e1Pi+eP=1d (2.10)
and that, for any s,t € T,
Py (s+1t) = Py (s)+ Py (1), Py (s-t) =Py (s) P (). (2.11)
We define the conjugate w’ of the bicomplex number w = z1e1 + ze5 as
wh = Z1e1 + %e, (2.12)

where the bar denotes the usual complex conjugation. Operation w' was denoted by
w' in [11, 14], consistent with the fact that at least two other types of conjugation
can be defined with bicomplex numbers. Making use of (2.6), we immediately see
that

w-wl = 217161 + 295€5. (2.13)

Furthermore, for any s,t € T,
(s +1)7 = s 4T, (ST)T =s, (s-1)F = st -t (2.14)

The real modulus |w| of a bicomplex number w can be defined as

lw| := \/wg +w? 4wl +w?=/(2171 + 25)/2. (2.15)

This coincides with the Euclidean norm on R*. Clearly, |w| > 0, with |w| = 0 if and
only if w = 0. Moreover, one can show [13] that for any s,t € T,

s+t < sl +[tl, st < V2[s]- 1. (2.16)

The product of two bicomplex numbers w and w’ can be written in the idempotent
basis as
w-w = (211 + 20€2) - (21€1 + 25€2) = z121€1 + 2225€0. (2.17)

Since 1 is uniquely decomposed as e; + e, we can see that w - w’ = 1 if and only if
2127 = 1 = 232}, Thus w has an inverse if and only if z; # 0 # 29, and the inverse
w™! is then equal to z;'e; + 2z, 'ez. A nonzero w that does not have an inverse has

4



the property that either z; = 0 or 2o = 0, and such a w is a divisor of zero. Zero
divisors make up the so-called null cone NC. That terminology comes from the fact
that when w is written as z + 2'iy, zero divisors are such that 2% + (2/)? = 0.

In the idempotent basis, any hyperbolic number can be written as r;e; + xses,
with z; and x5 in R. We define the set D" of positive hyperbolic numbers as

]D+ = {:L’lel + Zo€g | T1,T2 € RJr} (218)
Clearly, w - w! € DT for any w in T. We shall say that w is in e;RT if w = z,e; and

xq is in R™ (and similarly with eaR™).

2.2 Modules, scalar product and linear operators

By definition, a vector space is specified over a field of numbers. Bicomplex numbers
make up a ring rather than a field, and the structure analogous to a vector space is
then a module. For later reference we define a T-module M as a set of elements |1)),
|®), |x), - - ., endowed with operations of addition and scalar multiplication, such that
the following always holds:

L) + o) = 16) +[¥);
Lo([)+10) +Ix) = [v) + (18) + X))
iii. There exists a |0) in M such that [0) + |1} = |1b);
iv. 0-[¢) =0);
v. 1 |y) = [¥);
vie s+ ([0) +[9)) = s-[¢) + 5+ [9);
vil. (s 1) [¢) = s [¢) + ¢ [¥);
viil. (st) - o) = s- (- |)).

Here s,t € T. We have introduced Dirac’s notation for elements of M, which we shall
call kets even though they are not genuine vectors.

A finite-dimensional free T-module is a T-module with a finite linearly independent
basis. That is, M is a finite-dimensional free T-module if there exist n linearly
independent kets |u;) such that any element |¢)) of M can be written as

—e

) = wilu), (2.19)



with w; € T. An important subset V of M is the set of all kets for which all w,
in (2.19) belong to C(iy). It was shown in [11] that V is a vector space over the
complex numbers, and that any |¢) € M can be decomposed uniquely as

V) = erPi([¢) + e2 Pa([9), (2.20)

where P, and P, are projectors from M to V. One can show that ket projectors and
idempotent-basis projectors (denoted with the same symbol) satisfy the following, for
k=12

By, (s[¢) +t[9)) = Pi (s) P ([¥) + Py (£) Pr (|0)) - (2.21)
Tt will be very useful to rewrite (2.7) and (2.20) as
w=wyrt+wz, [U) =)+ [Y)2 (2.22)
where
wy=e1z1, wp=exzn, |[Phr=eiPi([Y)), [¢)2 =exP(|1)). (2.23)

Henceforth bold indices (like 1 and 2) will always denote objects which include a
factor e; or es, and therefore satisfy an equation like w; = ejw;.

A bicomplex scalar product maps two arbitrary kets [¢) and |¢) into a bicomplex
number (|1)), |¢)), so that the following always holds (s € T):

), 19) +1x)) = (1), 16)) + (1), [X));

- (1)
ii. (1), sl9)) = s([¢),19));
- (1)
- (1)

1

1), 10)) = (I8), [¥)T;
), [1) =0 & [¢) =0.

Property (iii) implies that (|1), |¢)) € D, while properties (ii) and (iii) together imply
that (s]1),]¢)) = sT(|¢), |#)). One easily shows that

(19),10)) = (1)1, 9)1) + ([¥)2,[9)2). (2.24)

il

v

Note that

(I0)1, [0)1)r = (191, [9)1)  and  (|)2,[d)2)2 = (|12, [d)2)- (2.25)

A bicomplex linear operator A is a mapping from M to M such that, for any
s,t € T and any |¢), |¢) € M

A(s|) +t|9)) = sAly) + tA[d). (2.26)
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The bicomplex adjoint operator A* of A is the operator defined so that for any

¥), |9y € M
(1), Alg)) = (A™[), [9)). (2.27)

One can show that in finite-dimensional free T-modules, the adjoint always exists, is
linear and satisfies

(A=A, (sA+tB)"=s'A"+t'B*, (AB)*=B*A". (2.28)

A bicomplex linear operator A can always be written as A = A; + Ay, with
Ay =e1A and Ay = ez A. Clearly,

AlY) = Ar|f)1 + Az[h)2. (2.29)

We shall say that a ket |¢)) belongs to the null cone if either |¢)); = 0 or |[¢)y = 0,
and that a linear operator A belongs to the null cone if either A; = 0 or A3 = 0.

A self-adjoint operator is a linear operator H such that H = H*. An operator is

self-adjoint if and only if
(1), H18)) = (H]), 6)) (2.30)
for all |¢)) and |¢) in M.

It was shown in [11] that the eigenvalues of a self-adjoint operator acting in a
finite-dimensional free T-module, associated with eigenkets not in the null cone, are
hyperbolic numbers. One can show quite straightforwardly that two such eigenkets of
such a self-adjoint operator, whose eigenvalues differ by a quantity that is not in the
null cone, are orthogonal. The proof of this statement will be part of a forthcoming
detailed study of finite-dimensional free T-modules [15].

3 The harmonic oscillator

The harmonic oscillator is one of the most widely discussed and widely applied prob-
lems in standard quantum mechanics. It is specified as follows: Find the eigenvalues
and eigenvectors of a self-adjoint operator H defined as

1 1
H=—P+ -mw’X? 3.1
5 b gme X5 (3.1)
where m and w are positive real numbers and X and P are self-adjoint operators

satisfying the following commutation relation (with i; the usual imaginary 1):
(X, P| =1iihl. (3.2)

The problem can be solved exactly either by algebraic [16, 17] or differential [18]
methods. In this section we shall show that, viewed as an algebraic problem, the
standard quantum-mechanical harmonic oscillator generalizes to bicomplex numbers.
In so doing we shall build explicitly an example of an infinite-dimensional free T-
module.



3.1 Definitions and assumptions

To state and solve the problem of the bicomplex quantum harmonic oscillator, we
start with the following assumptions:

a. Three linear operators X, P and H, related by (3.1), act in a free T-module M.

b. X, P and H are self-adjoint with respect to a scalar product yet to be de-
fined. This means that (), H|¢)) = (H|v),|¢)) for any |¢)) and |¢) in M, and
similarly with X and P.

c. The scalar product of a ket with itself belongs to DT.

d. [X, P] =11h&1, where £ € T is not in the null cone and I is the identity operator
on M.

e. There is at least one normalizable eigenket |E) of H which is not in the null
cone and whose corresponding eigenvalue F is not in the null cone.

f. Eigenkets of H that are not in the null cone and that correspond to eigenvalues
whose difference is not in the null cone are orthogonal.

The consistency of these assumptions will be verified explicitly once the full structure
has been obtained. The simplest extension of the canonical commutation relations
seems to be embodied in (d). Note that (d) implies that neither X nor P are in
the null cone, for if one of them were, £ would also belong to N'C. Assumption (e)
implies that H is not in the null cone, and it is necessary to end up with a nontrivial
generalization of the standard quantum-mechanical case.

The self-adjointness of X and P implies that the bicomplex number £ in (d) is
in fact hyperbolic. Indeed let |E) be the eigenket of H introduced in (e). By the
properties of the scalar product and definition of self-adjointness,

LRE(IE), |E)) = (|E), Wk E)) = (|E),(XP - PX)|E))
= ((PX — XP)|E),|E)) = (—11h{|E), |E))
— iR, D). (33)
Since |E) is normalizable, (|E), |E)) is not in the null cone, and it immediately follows
that ¢ = {’T. That is, £ = &1e1 + &€, with & and & real.

Is it possible to further restrict meaningful values of &, for instance by a simple
rescaling of X and P? To answer this question, let us write

X = (are1 + ageqn) X', P = (p1e1 + Bae2) P, (3.4)



with nonzero oy and 5y (k = 1,2). For X’ and P’ to be self-adjoint, oy and [ must
be real. Making use of (3.1) we find that

1 1
H = 5—(Ble1 + B365)(P')° + gmuw*(afer + azes)(X')?
. 1 N2 1 APAY AV
— —2m’(P) —|—2m(w) (X")=. (3.5)

For m’ and w’ to be positive real numbers, a?e; + a3e; and [ie; + [Sre, must also
belong to RT. This entails that a? = o2 and 8% = 7, or equivalently «; = +a, and
[1 = £>. Hence we can write

ilh(flel +§292)] = [X7 P]
= [(1€1 + age2) X', (B1e1 + Baez) P

= (0416181 + agﬁgez)[X/, Pl] (36)
But this in turn implies that
X' P = 51 52 . / /
[ s ] = llh alﬁl e; + a2B2 €9 1= llh(§161 + 5292)[. (37)

This equation shows that ay, aq, 51 and By can always be picked so that & and &,
are positive. Furthermore, we can choose a; and f; so as to make &] equal to 1. But
since |ay1 01| = |aeBa|, we have no control over the norm of &,. The upshot is that we
can always write H as in (3.1), with the commutation relation of X and P given by

[X, P] = 11h§] = ilh(flel + 5262)17 51, 52 c R+. (38)

We also have the freedom of setting either & = 1 or & = 1, but not both.
Just as in the case of the standard quantum harmonic oscillator, we now introduce
two operators A and A* as

1
2m
1

A=

(mwX +1P), (3.9)

&

A =

(mwX — i, P). (3.10)

:
S

Since P is self-adjoint, one always has (—i1 P|¢), |¢)) = ([¢),11P|¢)), which means
that the adjoint of i; P is —i; P. This implies that, as the notation suggests, A* is
indeed the adjoint of A. Equations (3.9) and (3.10) can be inverted as

X:\/%(AJFA*), P:—im/hmTw(A—A*). (3.11)
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The commutator of A and A* is given by

1 . .
[A, A¥] = P 11 P, mwX] + [mwX, -1 P|} = &1 (3.12)
Substituting (3.11) in (3.1), one easily finds that
H = hw (A*A + g[) = fw (AA* - gl) . (3.13)

From (3.12) and (3.13), the following commutation relations are straightforwardly

obtained:
[H, A] = —hw&A, [H, A*] = hw&A*. (3.14)

3.2 Eigenkets and eigenvalues of H

From assumption (e) we know that there is a normalizable ket |E) such that

H|E) = E|E). (3.15)
We can write
H = H, + H, (3.16)
E =B, + B, (3.17)
|E) = [E)1 + | E)a, (3.18)
where F; = e, F, etc. Assumption (e) implies that none of the quantities in (3.16)—

(3.18) vanishes. Substitution of these equations in (3.15) immediately yields
H]_’E>1 — E1’E>]_, H2|E>2 - Ez’E)z (319)

Following the treatment made in standard quantum mechanics, we now apply
operators HA and HA* on |E). Making use of (3.14) we get

HA|E) = (AH + [H, A))|E) = (E — hw&) A|E), (3.20)

HA*|E) = (A*H + [H, A"))|E) = (E + hw§) A*|E). (3.21)

We see that if A|E) does not vanish, it is an eigenket of H with eigenvalue F — hw€.
Similarly, unless A*|E) vanishes, it is an eigenket of H with eigenvalue E + hw¢.

Let [ be a positive integer. We will show by induction that unless A!|E) vanishes,

it is an eigenket of H with eigenvalue E' — [hwé. We have just shown that this is true
for [ = 1. Let it be true for [ — 1. We have

HAYE) = HAATYE) = (AHA"! + [H, A]JA"™)|E)
= A(E — (1 — 1)hw&) AT E) — hwé AAY E)
= {E — ¢} AYE), (3.22)
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which proves the claim. Similarly, unless (A*)!|E) vanishes, it is an eigenket of H
with eigenvalue F + [hw&, that is,

H(AYE) = (E + lhwé)(AY)'|E). (3.23)

Equations (3.22) and (3.23) separate in the idempotent basis. Multiplying them by
ey and using the fact that HA' = Hy A} + HaAl, we easily find that (k = 1,2)

H AL E)y = (Bx — lhwé) AL |E)x, (3.24)
Hi(AY)' B = (Bx + 1hwéie) (A)'| B (3.25)

Consistent with the bold notation, we have written & = e1£; and &3 = ex&s.
We now prove the following lemma.

Lemma 1 Let |¢) be an eigenket of H associated with the (finite) eigenvalue \. Then,

(Al Al = { -~ £} (9116 (3.26)
and
loh 410 = {2 + 5 b 10 1o (3.27)
Proof.

Making use of (3.13) we have

(A1) A1e)) = (1), A1) = (1) {5~ $1}19))
¢
2

= ({5 h0) = {im - 5} oo,

The proof of the second equality is similar.

O

Two important consequences of lemma 1 are the following. Firstly, whenever
(|9), |@)) is finite, so are (A|p), A|p)) and (A*|¢), A*|¢)). And secondly, the lemma
also holds when all quantities are replaced by corresponding idempotent projections.
That is, for £ =1, 2,

A &k

(Ao Ao = {2 = S b (0 [oho) (3.29

Let us now apply lemma 1 to the case where |¢)x = |E)x. Since (|E),|E))
is in DT, (|E)x, |E)x) is in exR™ (and is nonzero). But then (3.28) implies that
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(Ax|E)x, Ax|E)x) is in exRT only if Ey/hw — & /2 is in e, RT. Let us write (3.28) for
the case where |¢), = AL|E)x. Making use of (3.24), we find that

(ALY BN, ALY E)) = {% = (l - %) fk} (Al B, Akl E)e) (3.29)

Again, and assuming that Al|FE)y doesn’t vanish, (AL |E), AL E)y) is in e RT
only if Fy/hw — (I + 1/2)& is in e RT.
Clearly, however, this cannot go on forever. Let [, be the smallest positive integer

If the equality holds in (3.30), then (3.29) implies that A*™'|E), = 0. If the inequality
holds, the same conclusion follows since otherwise the scalar product of a nonzero ket
with itself would be outside D*. The upshot is that

Aildo) =0 with  |do) = A¥|E)y. (3.31)

Applying Hy obtained from the first part of (3.13) on |¢g)x, we get

ool = s (A + 36T ) onhe = Jhstilonne (3.32)

That is, |¢o)k is an eigenket of Hy with eigenvalue hwéy /2.

Making use of an argument similar to the one leading to (3.25), we can see that
the ket (A;)!|¢o)k is an eigenket of Hy with eigenvalue (I + 1/2)hw&. For later
convenience we define

[é)1 = (1€)2(AD) [@o)r,  |dnda = (1) "2 (A3)'|60)2. (3.33)

Note that & and &, being within an inversion operator, cannot carry bold indices.
By the idempotent projection of the second part of lemma 1, |¢;)x does not vanish
for any [. We have therefore constructed two infinite sequences of kets, each of which
is a sequence of eigenkets of an idempotent projection of H.

We now define

[¢1) = &)1 + |dn)2. (3.34)

It is easy to check that |¢;) is an eigenket of H with eigenvalue (I + 1/2)Awé. By
assumption (f), |¢;) and |¢y) are orthogonal if [ # I’

12



3.3 Infinite-dimensional free T-module

Let M be the collection of all finite linear combinations of kets |¢;), with bicomplex

coefficients. That is,
M = {Zwl|¢l> | w, € T} . (3.35)
1

It is understood that adding terms with zero coefficients doesn’t yield a new ket. Let
us define the addition of two elements of M and the multiplication of an element of M
by a bicomplex number in the obvious way. Furthermore let us write [0) = 0 - o).
It is then easy to check that the eight defining properties of a T-module stated in
section 2.2 are satisfied. M is therefore a T-module.

If the coefficients w; in (3.35) are restricted to elements of C(iy), the resulting
set V' is a vector space over C(iy). It is the analog of the vector space introduced
before (2.20), which was used in [11] to define the projection P and prove a number
of results on finite-dimensional modules.

The scalar product of elements of M has hitherto been specified only partially, in
particular by requiring that |¢;) and |¢;) be orthogonal if [ # I'. We now set

(I¢0), ldo)) = 1. (3.36)

Equation (3.33) implies that

|P141) = |P11)1 + |P1g1)2 = €1|diy1)1 + €2]ditr)2

_ €1 A% €2 A%
\/m 1‘¢l>1+ \/m 2‘¢l>2
L s (3.37)

V(I+1)E

Letting A act on both sides of (3.37) and making use of (3.13), we find that

Aouss) = e M100 = e s+ 51 1)
= V+ DE o). (3.38)
From (3.37) and the second part of lemma 1 we get
(6r12)- 6112)) = Tryg (ATl 4°10n) = (0. o) (3.39)
Owing to (3.36), the solution of this recurrence equation is
(lon), o) =1, [=0,1,2,... (3.40)
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We now fully specify the scalar product of two arbitrary elements [¢) and |y)
of M as follows. Let

Oy =Y wld), )= uld). (3.41)

l

The two sums are finite. Without loss of generality, we can let them run over the
same set of indices. Indeed this simply amounts to possibly adding terms with zero
coefficients in either or both sums. With this we define the scalar product as

(1), [x)) Zwlvz o), o)) = > wiu. (3.42)
l

With this specification, it is easy to check that the four defining properties of a scalar
product stated in section 2.2 are satisfied. Note that the right-hand side of (3.42) is
always finite.

Clearly, the kets |¢;) generate M. To show that they are linearly independent, we
assume that [1) defined in (3.41) vanishes. Letting m be one of the [ indices, we have

= (lpm), 1)) Zwl i = Wy, (3.43)

Hence w,, = 0 for all m, and the linear independence follows. This shows that M is
an infinite-dimensional free T-module.

There remains to check the six assumptions made at the beginning of section 3.1.
Assumption (a) is obvious, the action of X and P on M being most easily obtained
through the action of A and A*. Similarly with (b), the self-adjointness of X and P
follows from the easily verifiable fact that A* is the adjoint of A on the whole of M.
Assumption (c) is an immediate consequence of definition (3.42). Assumption (d)
follows from the commutation relation [A, A*] = £I. This one is easily checked when
acting on eigenkets of H and therefore, by linearity, it holds on any ket. Assump-
tion (e) is satisfied by any ket |¢;). There only remains to check assumption (f),
which is a little more tricky.

Let |¢) defined in (3.41) be an eigenket of H with eigenvalue A. This means that

I !
which, owing to the linear independence of the |¢;), reduces to

(l + ) hwéw; = Awy. (3.45)

In the idempotent basis this becomes (k = 1,2)
1
(l + 5) hwfkwlk = )\kwlk. (346)
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Let A\; # 0. Since &; does not vanish, at most one coefficient w;; does not vanish, for
otherwise \; would satisfy two incompatible equations. If \; = 0, all w;; vanish. A
similar argument holds for 2. Hence the eigenket of H has the form

|9) = win|d1)1 + wrz|Pr)2, (3.47)

with one of the coefficients vanishing if the corresponding Ay vanishes. If both Ax
vanish, all wy, = 0 and there is no eigenket. The upshot is that (3.47) represents the
most general eigenket of H. Its associated eigenvalue A is

A= hw { (l + %) §1e1 + (l/ + %) 5262} . (348)

It is now a simple matter to check that assumption (f) is satisfied. Note that the
restriction on the difference of eigenvalues cannot be dispensed with. Indeed the two
kets

[9) = |d1)1 + |d2)2, ¢') = |p1)1 + |d3)2 (3.49)

are examples of eigenkets that correspond to different eigenvalues whose difference is
in the null cone. Clearly, they are not orthogonal.

4 Harmonic oscillator wave functions

4.1 Bicomplex function space

Consider the set S of all square-integrable complex C'*° functions of a real variable x.
Let a bicomplex function u(z) be defined as

u(z) = eru () + equs(x). (4.1)

We say that wu is square integrable and C'*° if u; and uy are both in S. It is easy to
check that the set of all square-integrable bicomplex C* functions of a real variable
is a T-module, which we shall denote by M.

Let u(z) and v(x) both belong to M>°. We define a mapping (u, v) of this pair of
functions into D" as follows:

(u,v) :== /—00 ul(z)v(z)de = /OO [e1t1 (z)v1(x) + eqtiz(x)va(z)] da. (4.2)

o —0o0

It is not hard to see that (4.2) satisfies all the properties of a bicomplex scalar product.
Let £ € DT. We define two operators X and P that act on elements of M as

follows:
du(x)

dx

XA{u(x)} := zu(z), Plu(x)} := —11h¢ . (4.3)
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It is not difficult to show that [X, P] = i;h{I. Note that the action of X and P on
an element of M> doesn’t always yield an element of M. This could be fixed by
restricting M further, but we won’t need to do this here.

One can easily check that (Xu,v) = (u,Xv), so that X is self-adjoint. The
self-adjointness of P can be proved as

(Pu, v) — (u, Pv)
_ /_ Z (—ilhédzgf))Tv(x)dx _ /_ : uf(2) (—ilhgdi;(;)) dar

e { I wd}

=1h¢ [uT(m)v(x)}iooo = 0.

The final equality comes from the fact that v and v, being square integrable, vanish
at infinity.

4.2 Eigenfunctions of H

Let H be defined as in (3.1), with X and P specified as in (4.3). The eigenvalue
equation for H is then given by

R Pu(z) 1,
o da? + Smwe u(z) = Eu(z). (4.4)

In the idempotent basis this separates into the following two equations (k = 1,2):

h2E2 42 1
_2—77% §;§x> + Qmw%?uk(x) = Epug(z). (4.5)
Each of these equations is essentially the eigenvalue equation for the Hamiltonian of

the standard quantum harmonic oscillator. The only difference is that A is replaced

by h&j.
The eigenfunction associated with the lowest eigenvalue of (4.5) is given by

1/4
Por(x) = (7:7;12)16) exp {-%f} . (4.6)

The corresponding eigenfunction of H is therefore given by

$o(7) = e1¢01(v) + eadp2()
_ mw \ Y4 mw mw \ /4 mw
=e; (Wh&) exp{—thlx }+e2 (Wh&) exp{—Zhgzx }

e\t [ ey ez mw o mw o
_<7rh> <%/4+ 1/4) {ewxp{ 2h§1x]+ezexp{ 2h§2x (4.7)

2

Hu(z) =
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It can be shown [12] that for any bicomplex number w = z1e1 + z2€3,

exp{w} = ejexp {z1} + ezexp {22} . (4.8)
This holds also for any polynomial function Q(z), that is,

Q(z1€1 + 20€2) = €1Q(21) + €2Q(22). (4.9)

Moreover, if £ = &1y + e with & and & positive, we have

1 €1 €9
7 = + i (4.10)
1 2

Substituting (4.8) and (4.10) in (4.7), we get

mw 1/4 muw
Po(x) = (w—hf) exp {—ﬁ:ﬁ}. (4.11)

From the normalization of ¢¢; and ¢, we find that

(¢o, o) = / [e1001(2)do1 () + e2002(x) po2(2)] da
=e; + ey = 1. (412>
The eigenfunction associated with the [th eigenvalue of (4.5) is given by [19]

mw 1

1/2
¢1k($):{ whkaZ—Z!} ¢ 2 H (b)), (4.13)

0, =, /%‘:x (4.14)

and H;(0) is the Hermite polynomial of order [. Just as in (3.34) we now define

oi1(z) = e1on () + eagia(x). (4.15)

where

We therefore obtain

mw 172 _02/2 mw 1 1Y? —02/2
qbl(x):el ﬁfl%—l' e 1 Hl(91)+e2 %Ql—l' e 2 HZ(QQ)

B . WWL 1/2_|—e mwi 1/2
T M|V R 24 21\ 7hey 21

: {ele_e%/z + 926_65/2} {elHl(Hl) + ezH[(Qg)} . (416)
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Letting 0 := e;60; + e36, and making use of (4.8)—(4.10), we finally obtain

fmw 1 vz
¢l($) = |: W—Mﬁ] 6_6 /2Hl(9), (4.17)

Hl(é) = elHl(Ql) + e2Hl(6’2) (418)

is a hyperbolic Hermite polynomial of order [.

Equation (4.17) is one of the central results of this paper. It expresses normalized
eigenfunctions of the bicomplex harmonic oscillator Hamiltonian purely in terms of
hyperbolic constants and functions, with no reference to a particular representation
like {ex}. Indeed £ can be viewed as a D' constant, 0 is equal to y/mw/khE z and
H,(0) is just the Hermite polynomial in 6.

Let M be the collection of all finite linear combinations of bicomplex functions
¢i(x), with bicomplex coefficients. That is,

M = {Zwl¢l(a:) | w; € ’]T} : (4.19)

It is easy to see that M is a submodule of the module M defined earlier in terms of
C* functions, and that M is isomorphic to the module M defined in section 3.3.

In section 3.3, the most general eigenket of H was written as in (3.47). The
corresponding eigenfunction has the form

¢(x) = exwngu(z) + exwradrs, (4.20)

with wj; and wye in C(iy). The eigenfunction can be written explicitly as

where

mwi1/4 wye /2 wype 372
P(x) = [ﬁ} {el\/ﬁm(el) +e2WHl( 2)} (4.21)
The function ¢ is normalized, i.e. (¢, ¢) = 1, if
lwp [Per + |wys|?eq = 1. (4.22)

This means that |w;| = 1 = |wys|.
The function ¢(z) can also be expressed in terms of the hyperbolic units 1 and j
instead of e; and es. Letting wy;; = 1 = wyo, we get

mwil/4 1 e—03/2 e—03/2 ]

P(x) = [E} 3 { [\/ﬁﬂl<el) + WHI (02

' e~ 03/2 e—03/2
+J [\/T\/EHZ(QI) - WM/(%)] } : (4.23)
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5 Discussion

It is instructive to plot some of the functions given in (4.23). At this stage we do not
suggest any specific physical interpretation of the bicomplex eigenfunctions. However,
it is useful to see how the standard quantum harmonic oscillator is embedded in the
bicomplex harmonic oscillator. In all plots we let & = 1 and take as independent
variable y = \/mw/hx. Dashed lines represent the real part of ¢ while dotted lines
represent the hyperbolic part. Solid lines represent the function |¢|?, where | -| is the
norm defined in (2.15). The normalization factor (mw/h)/* is omitted.

In figure 1 we let & = 1 and [ = 1 = [’. The hyperbolic part of ¢ vanishes and
the real part is equal to the second lowest eigenfunction of the standard harmonic
oscillator.

1.0,

0.5 7 N

-1.0

Figure 1: Eigenfunction (4.23) for {4 =1=&and l=1=1'

In all cases where & =1 = & and [ = 1 = [’, we recover the usual harmonic
oscillator eigenfunctions. But these can also be recovered in a different way. One can
write wy; = 1 and wye = 0 in (4.20), in which case the factor of e; coincides with the
standard eigenfunction.

In figure 2 we let & = 1, 1 = 1 and I’ = 2. There is a nonvanishing hyperbolic
part in spite of the fact that £ = e1&; + e2&, = 1, that is, even if X and P have the
usual quantum-mechanical commutation relations.

Figure 3 displays a case where & # &, and therefore where the canonical com-
mutation relations are irreducibly bicomplex. Specifically, & = 0.1 and, just as
in figure 2,/ =1 and I' = 2.

Finally, figure 4 shows a three-dimensional plot illustrating the variation of |¢|
with & for fixed &;.

In the module M defined in (4.19), the coefficients w; are bicomplex numbers. If
they are restricted to elements of C(iy), then the set of linear combinations makes up
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1.0,

-1.0

Figure 3: Eigenfunction (4.23) for & =1, & =0.1andl=1,1 =2

a vector space V, isomorphic to the space V defined after (3.35). The space V is not
restricted to standard Hermite polynomials but contains all the hyperbolic ones.

We should note that the module M as we defined it does not have a property
of completeness. Indeed it is made up of all finite linear combinations of basis kets.
Cauchy sequences of such kets are not expected to converge to an element of the
set. It was shown in [11] that the concept of Hilbert space can be adapted to finite-
dimensional free T-modules. We believe that by making use of the subspace V' of M,
the concept of Hilbert space can be extended to infinite-dimensional free T-modules
like the one constructed here and based on the bicomplex harmonic oscillator eigen-
functions. We intend to investigate this in the future.
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Figure 4: The function |¢|?, with ¢ given in (4.23), for [ = 0, I' = 6, & = 1 and
0<& <2
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Chapitre 3. Présentation des articles 45

3.2 Deuxiéme article

Le second article [1] représente essentiellement une synthese de résultats et d’outils
mathématiques qui ont été développés en grande partie durant la résolution du pro-
bléme de l'oscillateur harmonique quantique bicomplexe [3]. Les résultats sont divisés
principalement en deux parties, ceux indépendants de tout produit scalaire, et ceux

nécessitant 'utilisation de celui-ci.

La premiere partie traite essentiellement d’algebre linéaire. Un certain nombre de
résultats sur les matrices bicomplexes y sont développés comme entre autres la défini-
tion du déterminant et de I'inverse. Il est également question de modules bicomplexes
de dimension finie, de bases ainsi que d’opérateurs agissant dans ces modules bicom-
plexes. En particulier, il est démontré que toutes les bases d’'un module bicomplexe de
dimension finie ont la méme dimension et que ces bases sont reliées par des matrices

bicomplexes non singulieres.

La seconde partie de I'article commence par la définition du produit scalaire bi-
complexe. A noter qu'un tel produit scalaire avait déja été introduit dans [46], comme
cas particulier de celui donné ici. A partir de ce produit scalaire bicomplexe, 'espace
de Hilbert bicomplexe est défini. La question de l'orthogonalisation ainsi que de la
normalisation des éléments d’un module bicomplexe est traitée. Un certain nombre
de résultats sur les opérateurs hermitiques bicomplexes sont exposés dont le théoreme

spectral bicomplexe.

L’article se termine avec quelques résultats a propos des opérateurs unitaires ainsi

que la construction de 'opérateur d’évolution en mécanique quantique bicomplexe.

La premiere version de I'article a été rédigée essentiellement par les trois auteurs.

RGL a majoritairement contribué aux sections 3.2, 3.3, 4.4, 5.1, 5.2 et 5.3, LM aux
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sections 3.2, 3.3, 4.3, 5.2 et 5.3, et DR aux sections 3.1, 3.2, 4.1, 4.2 et 4.3. La version

soumise a été peaufinée et reformulée en grande partie par LM.

A noter qu'un troisieme article [2] a également été soumis mais que celui-ci n’a pas
été incorporé au mémoire puisqu’il a été majoritairement écrit par DR. Cependant,
cet article explore les résultats obtenus en [1] dans le cadre plus vaste des modules

bicomplexes de dimension infinie.
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1. Introduction

Bicomplex numbers [1], just like quaternions, are a generalization of complex
numbers by means of entities specified by four real numbers. These two num-
ber systems, however, are different in two important ways: quaternions, which
form a division algebra, are noncommutative, whereas bicomplex numbers are
commutative but do not form a division algebra.

Division algebras do not have zero divisors, that is, nonzero elements
whose product is zero. Many believe that any attempt to generalize quantum
mechanics to number systems other than complex numbers should retain the
division algebra property. Indeed considerable work has been done over the
years on quaternionic quantum mechanics [2].

In the past few years, however, it was pointed out that several fea-
tures of quantum mechanics can be generalized to bicomplex numbers. A
generalization of Schrodinger’s equation for a particle in one dimension was

DR is grateful to the Natural Sciences and Engineering Research Council of Canada for
financial support. RGL would like to thank the Québec FQRNT Fund for the award of a
postgraduate scholarship.
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proposed [3], and self-adjoint operators were defined on finite-dimensional bi-
complex Hilbert spaces [4]. Eigenvalues and eigenfunctions of the bicomplex
analogue of the quantum harmonic oscillator Hamiltonian were obtained in
full generality [5].

The perspective of generalizing quantum mechanics to bicomplex num-
bers motivates us in developing further mathematical tools related to finite-
dimensional bicomplex Hilbert spaces and operators acting on them. After
a brief review of bicomplex numbers and modules in Section 2, we devote
Section 3 to a number of results in linear algebra that do not depend on
the introduction of a scalar product. Basic properties of bicomplex square
matrices are obtained and theorems are proved on bases, idempotent projec-
tions and the representation of linear operators. In Section 4 we define the
bicomplex scalar product and derive a number of results on Hilbert spaces,
orthogonalization and self-adjoint operators, including the spectral decom-
position theorem. Section 5 is devoted to applications to unitary operators,
functions of operators and the quantum evolution operator. We conclude in
Section 6.

2. Basic Notions

This section summarizes known properties of bicomplex numbers and mod-
ules, on which the bulk of this paper is based. Proofs and additional results
can be found in [1, 3, 4, 6].

2.1. Bicomplex Numbers
2.1.1. Definition. The set T of bicomplex numbers is defined as

T:={w =2 + 2i2 | 21,22 € C(i1)}, (2.1)
where i1, iz and j are imaginary and hyperbolic units such that i? = —1 = i3
and j2 = 1. The product of units is commutative and is defined as

iz =, i1j = —i2, izj = —11. (2.2)

With the addition and multiplication of two bicomplex numbers defined in
the obvious way, the set T makes up a commutative ring.
Three important subsets of T can be specified as

(C(ik) = {J} —|—yik ‘ xr,y € R}, k= 1,2; (23)
D:={z+yj|z,yeR}L (2.4)
Each of the sets C(ix) is isomorphic to the field of complex numbers, while

D is the set of so-called hyperbolic numbers.

2.1.2. Conjugation and Moduli. Three kinds of conjugation can be defined
on bicomplex numbers. With w specified as in (2.1) and the bar (7) denoting
complex conjugation in C(iy ), we define

’le 1= Z1 + Zoia, ’LUT2 ‘= 21 — Zolg, wTS = Z| — Zols. (25)
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It is easy to check that each conjugation has the following properties:
(8 _|_t)Tk — STk + tTk} (STk)Tk =s, (8 . t)Tk — SJFk . tJFk. (26)

Here s,t € T and k = 1,2, 3.
With each kind of conjugation, one can define a specific bicomplex mod-
ulus as

w? =w-wh =22 4+22 € Ciy 2.7a
| |11 1 2 ’

wlf, ==w- wh = (I21)* = |22]%) + 2Re(z122)i2 € C(i2), (2.7b)
w[} == w-w's = (21" + |2]*) — 2Im(z12:)j € D (2.7¢)

It can be shown that |s-¢[2 = |s|? - |¢|3, where k = i1, 12 or j.
In this paper we will often use the Euclidean R* norm defined as

lw| := V/]21]? + [22]* = y/Re(jw[}) . (2.8)

Clearly, this norm maps T into R. We have |w| > 0, and |w| = 0 if and only
if w = 0. Moreover [1], for all s,t € T,

s+t <I[s|+t],  [s-t| <V2Is|-[t]. (2.9)

2.1.3. Idempotent Basis. Bicomplex algebra is considerably simplified by the

introduction of two bicomplex numbers e1 and e defined as
e1 = —1+j €a (= —1_j

2 7 ' 2

In fact e; and eg are hyperbolic numbers. They make up the so-called idem-

potent basis of the bicomplex numbers. One easily checks that (k =1,2)

2 2
e] =e1, e;=e€2, e;+ex=1, ele =eg, eijez=0. (2.11)

(2.10)

Any bicomplex number w can be written uniquely as
w = 21 + 22l = z7€1 + 25€2, (2.12)
where
20 =21 — 2211 and 25 = 21 + 2201 (2.13)

both belong to C(iy). The caret notation (1 and 2) will be used systemat-
ically in connection with idempotent decompositions, with the purpose of
easily distinguishing different types of indices. As a consequence of (2.11)
and (2.12), one can check that if 1/z7 is an nth root of 27 and /z3 is an nth
root of z3, then y/Zrer + /7 ez is an nth root of w.

The uniqueness of the idempotent decomposition allows the introduc-
tion of two projection operators as

Pliﬂ)ETHZTE(C(il ,

~—

The Py, (k = 1,2) satisfy
[Pe)* = Py, Prep + Prep = 1d, (2.16)
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and, for s,t € T,
Pi(s+1t) = Pr(s) + Pe(t), Pi(s-t) = Py(s) - P(t). (2.17)

The product of two bicomplex numbers w and w’ can be written in the
idempotent basis as

w-w' = (z1€1 + 25€2) - (27€1 + 2geq) = z7z1e1 + z525€2. (2.18)

Since 1 is uniquely decomposed as e; + ez, we can see that w - w' = 1 if and
only if ziz% =1= z§zé Thus w has an inverse if and only if z; # 0 # 23, and
the inverse w—! is then equal to (z27) 'e1 + (25) 'e2. A nonzero w that does
not have an inverse has the property that either z; = 0 or 25 = 0, and such
a w is a divisor of zero. Zero divisors make up the so-called null cone NC.
That terminology comes from the fact that when w is written as in (2.1),
zero divisors are such that 2} 4+ 23 = 0.

Any hyperbolic number can be written in the idempotent basis as z7e1 +
rz€2, with z7 and x5 in R We define the set Dt of positive hyperbolic
numbers as

Dt := {x;e1 + z5e3 | 27,25 > 0}. (2.19)
Since wis = Z7ey + Zzeq, it is clear that w - wts € DT for any w in T.

2.2. T-Modules and Linear Operators

Bicomplex numbers make up a commutative ring. What vector spaces are to
fields, modules are to rings. A module defined over the ring T of bicomplex
numbers will be called a T-module.

Definition 2.1. A basis of a T-module is a set of linearly independent elements
that generate the module.!

A finite-dimensional free T-module is a T-module with a finite basis.
That is, M is a finite-dimensional free T-module if there exist n linearly
independent elements (denoted |m;)) such that any element |1)) of M can be
written as

)y = wilma), (2.20)
=1

with w; € T. We have used Dirac’s notation for elements of M which, follow-
ing [4], we will call kets.

An important subset V of M is the set of all kets for which all wy;
in (2.20) belong to C(i1). In other words, V' is the set of all |¢)) so that

W) =Y mlmi), @ € Cliy). (2.21)
=1

IThe term “basis” here should not be confused with the same word appearing in “idem-
potent basis”. Elements of the former belong to the module, while elements of the latter
are (bicomplex) numbers.
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It was shown in [4] that V is a vector space over the complex numbers, and
that any |¢) € T can be decomposed uniquely as

1) = e1l); + e2[Y)s = er Pi([Y)) + ex P ([4))). (2.22)

Here |))z € V and Py is a projector from M to V' (k = 1,2). One can show
that ket projectors and idempotent-basis projectors (denoted with the same
symbol) satisfy

Pr(sl) +t19)) = P (s)Pr([¢)) + Pr(t) P () (2.23)

A bicomplex linear operator A is a mapping from M to M such that,
for any s,t € T and any |¢), |¢) € M,

As|) + t18)) = sAl) +tAlg). (2.24)
A bicomplex linear operator A can always be written as
A=ejA; +exAs =e1Pi(A) + ex P (A), (2.25)
where P;(A) (kK =1,2) was defined in [4] as
Bu(AY) = Pu(Alp))  VIy) € M. (2.26)
Clearly one can write
Alp) = e1 Az|v); + e2As[v)s. (2.27)

Definition 2.2. A ket |1/) belongs to the null cone if either [¢)); = 0 or [¢)5 = 0.
A linear operator A belongs to the null cone if either A; =0 or A5 = 0.

The following definition adapts to modules the concepts of eigenvector
and eigenvalue, most useful in vector space theory.

Definition 2.3. Let A : M — M be a bicomplex linear operator and let

Alp) = M), (2.28)

with A € T and |¢)) € M such that |¢)) ¢ NC. Then X is called an eigenvalue
of A and |¢) is called an eigenket of A.

Just as eigenvectors are normally restricted to nonzero vectors, we have
restricted eigenkets to kets that are not in the null cone. One can show that
the eigenket equation (2.28) is equivalent to the following system of two
eigenvector equations (k = 1,2):

Apl)z = Az - (2.29)

Here A = e1); + e2);3, and |¢); and A; have been defined before. For a
complete treatment of module theory, see [7, 8].
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3. Bicomplex Linear Algebra
3.1. Square Matrices

A bicomplex n X n square matrix A is an array of n? bicomplex numbers A;;.
Since each A;; can be expressed in the idempotent basis, it is clear that

A= e]_A’l‘ + 62A§, (31)
where A; and As are two complex n xn matrices (i.e. with elements in C(i1)).

Theorem 3.1. Let A = ejA; + ez A5 be an n X n bicomplex matriz. Then
det (4) = ey det (A7) + ez det (45).

Proof. We follow the proof given in [9]. Let {C;} be the set of columns of A, so
that A = (C1,Cs,...,Cy). Let the ith column be such that C; = aC} + SCY,
with a, 8 € T. Since matrix elements belong to a commutative ring, the
determinant function satisfies

det (01,02,...,0401{ +ﬁC’z”,,C'n)
= adet (C1,Cy,...,Cl,...,Cp) + Bdet (C1,Cy, ..., C ... Ch).

With a bicomplex matrix, we can write C; = e1C] + e2C}', where columns
C} and C} have entries in C(iy ). Hence

det (C1,...,Cp) = erdet (C1,...,Cp) + eadet (CY,...,Ch).
Applying this successively to all columns, we find that
det (Cy,...,Cp) =erdet (C,...,CL) +eadet (C],...,C)),
which is our result. d

From Theorem 3.1 we immediately see that det (4) = 0 if and only if
det (A7) = 0 = det (A5), and that det (A) is in the null cone if and only if
det (A7) = 0 or det (45) = 0. Moreover, one can easily prove that for any
bicomplex square matrices A and B, det (A”) = det (4) (the superscript T
denotes the transpose) and det (AB) = det (A) det (B).

Definition 3.2. A bicomplex square matrix is singular if its determinant is in
the null cone.

Theorem 3.3. The inverse A~! of a bicomplex square matriz A exists if and
only if A is not singular, and then A~ is given by e1(A7) 1 + ea(As) ',

Proof. If A is not singular, then det (A7) # 0 and det (As) # 0, so that
(A7) ! and (A4s5) ! both exist. But then

(e1 (A'l‘)il -+ 62(14’2\)71) (elAT + e2A§) = 61[ + 621 =1.
Conversely, if A~! exists, then A=1A = I. Hence
1 =det(I) =det (A7'A) = det (A7) det (4),

from which we deduce that det (A) is not in the null cone, and therefore that
A is not singular. O
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Note that although we wrote A~! as a left inverse, we could have written
it just as well as a right inverse, and both inverses coincide.

3.2. Free T-Modules and Bases

Throughout this section, M will denote an n-dimensional free T-module and
{Jm;)} will denote a basis of M. Any element |¢) of M can be expressed as
in (2.20).

In a vector space, any nonzero vector can be part of a basis. Not so for
T-modules.

Theorem 3.4. No basis element of a free T-module can belong to the null
cone.

Proof. Let |sp) be an element of a basis of M (not necessarily the {|m;)}
basis). By (2.22) we can write

|5p) = el|5p>T + e2|3p>§' (3.2)

Suppose that |s,) belongs to the null cone. Then either |s,); = 0 or |s,)5 = 0.
In the first case eq|sp,) = 0 and in the second case ez|s,) = 0. Both these
equations contradict linear independence. O

We now define two important subsets of M.

Definition 3.5. For k¥ = 1,2, V; = {ex Y, x|mu) | ; € C(i1)}. Or suc-
cinctly, Vi := exV.

Clearly, V}, is an n-dimensional vector space over C(iy ), isomorphic to
V and with ex|m;) as basis elements. All three vector spaces V, Vi and
Vo are useful. Many results proved in [4] used V in a crucial way, while the
computation of harmonic oscillator eigenvalues and eigenkets in [5] was based
on infinite-dimensional analogues of V; and V5.

Although V' depends on the choice of basis {|m;)}, Vi and V4 do not.
This comes from the fact that any element of V; (for instance) can be written
as e1[¢), with |¢) in M. Clearly, this makes no reference to any specific basis.

The module M, defined over the ring T, has n dimensions. We now
show that the set of elements of M can also be viewed as a 2n-dimensional
vector space over C(iy ), which we shall call M’. To see this, we write in the
idempotent basis the coefficients w; of a general element of M. Making use
of (2.12) and (2.20), we get

) = Z(elwzi + exwys)|mu) = Z wrexlmy) + Z wzez|mi). (3.3)
=1 =1

=1

It is not difficult to show that the 2n elements e1|m;) and ez|my;) (I =1...n)
are linearly independent over C(iy). This proves our claim and, moreover,
proves

Theorem 3.6. M' =V, © V5.
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It is well known that all bases of a finite-dimensional vector space have
the same number of elements. This, however, is not true in general for mod-
ules [7]. But for T-modules we have

Theorem 3.7. Let M be a finite-dimensional free T-module. Then all bases of
M have the same number of elements.

Proof. Let {|my;),l =1...n} and {|sp),p = 1...m} be two bases of M. We
can write

= {pr|3p> | wp € T}

p=1
= {Z (Pr(wp)er + Pa(wp)ez)|sy) | wp € T} )
p=1
where, as usual, P, and P, are defined with respect to the |m;). Since
(Pr{wp)er + Pa(wp)ez) [sp) = Pi(wp)erlsy) + Po(wp)ezsy)

and Py (w,) € C(i1) for k = 1,2, we see that {ex|s,) | p=1...m} is a basis
of Vk But

dim(V1) = dim(V2) = dim(V') = n,
whence m = n. O

With the projections Py defined with respect to the |my), it is obvious
that Py (|m;)) = |my) (k = 1,2). This is a direct consequence of the identity
|my) = e1|my) + ea|my). Hence {Py(|my;)) | Il = 1...n} is a basis of V. It
turns out that the projection of any basis of M is a basis of V.

Theorem 3.8. Let P, and P> be the projections defined with respect to a basis
{Imi)} of M, and let V be the associated vector space. If {|s;)} is another
basis of M, then {Py(|s;))} and {Px(|s;))} are bases of V.

Proof. We give the proof for P;, the one for P, being similar. We first show
that the P;(|s;)) are linearly independent, and then that they generate V.
Let oy € C(iy) for I =1...n and let

ZO@R(!S;)) =

For [ = 1...n, define ¢; := ejay + ez - 0. Making use of (2.23), it is easy to
see that Y, ¢|s;) = 0, for

P1 (Z Cl’Sl>> = ZP Cl P1 |Sl ZalPl ‘Sl
=1

=1

P2 (ZC”S[)) = ZP Cl P2 |Sl ZO PQ |Sl
=1

=1
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The linear independence (in M) of {|s;)} implies that VI, ¢; = 0 and therefore
ap = 0.
To show that the P;(|s;)) generate V', let |¢»1) € V and consider the ket

’1/)) = e1|1/11) + €9 - 0 c M.
Since the (bicomplex) span of {|s;)} is M, there exist d; € T such that

> dilsi) = [¢)
=1

Therefore,

1) = Pu(j)) <Zdz!81 ) =Y Pid)Pi(ls1).
=1

Thus, the (complex) span of {P;(|s;))} is the vector space V and {P;(|s;))}
is a basis of V. d

Corollary 3.9. Let |) be in M. If |¢)7 (|1)5) vanishes, then the projection
Py (Py) of all components of 1) in any basis vanishes.

Proof. Let {|s;)} be any basis of M and let |¢)); = 0 (the case with |¢)5 is
similar). One can write

n

) =) alsi).

=1
Making use of (2.22) and (2.23), we get

0=[¢h)g = Pu(|e)) = Y Pi(a)Pillse).

=1
Since the P;(|s;)) are linearly independent, we find that VI, P;(¢;) =0. O

It is well known that two arbitrary bases of a finite-dimensional vector
space are related by a nonsingular matrix, where in that context nonsin-
gular means having nonvanishing determinant. Definition 3.2 of a singular
bicomplex matrix (as one whose determinant is in the null cone) leads to the
following analogous theorem.

Theorem 3.10. Any two bases of M are related by a nonsingular matriz.

Proof. Let {|m;)} and {|s;)} be two bases of M. From Theorem 3.7, we know
that both bases have the same dimension n. We can write

n n
jmy) = ZLN‘S?)? |sp) = Zij’mﬁa
p=1 j=1

where L and N are both n x n bicomplex matrices. But then

[my) ZLpl ZNJP|mJ Z {Z ijLpl}|mj>~
p=1 p=1

7j=1
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This means that for any /,
2{531 (NL)ji} |mj) = 0.

Since the |m;) are linearly independent, we get that d;; — (INL)j; = 0 for
all [ and j, or NL = I. Hence L and N are inverses of each other and, by
Theorem 3.3, nonsingular. O

3.3. Linear Operators

In this section we first prove a result on the composition of two linear opera-
tors, and then establish the equivalence between linear operators and square
matrices for bicomplex numbers.

Theorem 3.11. Let A, B : M — M be two bicomplex linear operators. Then
for k=12,

1. P.(A+ B) = P.(A) + P.(B),

2. P,(Ao B) = P,(A) o P(B),
where Ao B denotes the operator that acts on an arbitrary 1) as (Ao B) |¢) =
A(B[y)).

Proof. To prove the first part, we let |¢)) € M and make use of (2.23)
and (2.26). We get

(Pr(A+ B)) ) = Pr((A+ B)|¢)) = Pr(Al4) + Bl¢))
= Py (Al)) + Pr(Bl¢) = Pr(A)Y) + Pe(B)[Y)
= (Pr(4) + Pi(B)) |9).

To prove the second part we use (2.25) and (2.26) to get

(Ao B) ) = A(B[¢))
= [e1P1(A) + e2P>(A)] { [e1 P (B) + e2P>(B)] ) }
= [e1P1(A) + e2P2(A)] [e1 PL(B[Y)) + e2 P2 (Bl¢))]
= e1P1(A)P(B[Y)) + e2 P2 (A) P2 (B|4))).
Applying Py on both side, we find that P((A o B) |¢)) = Pr(A)Px(B|v)) or
equivalently, Py (A o B) = Py (A) o Px(B). D

Theorem 3.12. The action of a linear bicomplex operator on M can be rep-
resented by a bicomplex matrix.

Proof. Let A: M — M be a bicomplex linear operator and let {|m;)} be a
basis of M. Let |¢)) be in M and let [¢') := Al).

Since {|m;)} is a basis of M, the ket A|m;) can be represented as a
linear combination of the |m,):

Almy) = Z Apt|mp).
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Writing |¢) as in (2.20) and making use of (2.24), we get

| A|1,b ZwlA|ml = Zwl Z Apl|mp
=1 =1
-y {ZAW} )

p=1

Writing [¢)') = 377, wy|m,) and making use of the linear independence of
the |m,), we obtain

n
! 2 :

wp = Aplwl.
=1

The action of A on |¢) is thus completely determined by the matrix whose
elements are the bicomplex numbers A,;. O

Clearly, the matrix associated with a linear operator depends on the
basis in which kets are expressed. Given a specific basis, however, it is not
difficult to show that the matrix associated with the operator A o B is the
product of the matrices associated with A and B.

Let two bases |m;) and |s;) be related by |m;) = 22:1 Lyi|sp). Let the
linear operator A be represented by the matrix A, in |m;) and by the matrix
fipl in |s;). Then one can show that

= > (L)pAnLi. (3.4)

p,l=1

Finally, it is not difficult to show that if A; =0, then A 7 = 0 for all p and
[, in every basis.

4. Bicomplex Hilbert Spaces
4.1. Scalar Product

The bicomplex scalar product was defined in [4] where, as in this paper, the
physicists’ convention is used for the order of elements in the product.

Definition 4.1. Let M be a finite-dimensional free T-module. Suppose that
with each pair [¢) and |¢) in M, taken in this order, we associate a bicomplex
number ([¢), |¢)) which, V|x) € M and Ya € T, satisfies

L (|9, 1) + 1x)) = (192, 16)) + (1), [x));
2. (|9), al9)) = al|®), |9));

)
)
3. (lv), 1)) = (I9), [¥))T;
4. (|¢),|¥)) = 0 if and only if |¢p) =0 .

Then we say that (|¢),|#)) is a bicomplex scalar product.
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Property 3 implies that (|¢), |¢)) € D. Definition 4.1 is very general. In
this paper we shall be a little more restrictive, by requiring the bicomplex
scalar product to be hyperbolic positive, that is,

(1), 1¢)) € DT, Vi) € M. (4.1)

This may be a more natural generalization of the scalar product on complex
vector spaces, where (|¢), [1)) is never negative.

Definition 4.2. Let {|m;)} be a basis of M and let V' be the associated vector
space. We say that a scalar product is C(iy )-closed under V if, V|¢), |¢) € V,

we have (|¢), |9)) € C(iy).

We note that the property of being C(iy)-closed is basis-dependent.
That is, a scalar product may be C(iy)-closed under V defined through a
basis {|m;)}, but not under V' defined through a basis {|s;)}. However, one
can show that for £k = 1,2, the following projection of a bicomplex scalar
product:

()= Pe((,7) : M x M — C(iy) (4.2)
is a standard scalar product on Vj, as well as on V.

Theorem 4.3. Let 1)), |d) € M, then
([9),19)) = e1(|¥)1, |9)7)7 + e2([¥)s, [9)s)s - (4.3)

Proof. Using Theorem 4 of [4], we have
(1), 19)) = (e1|¥)1 + e2[y)s, e1|d)7 + ez[9)s)
= e1 (|¢)1,19)1) + ez ([)z, [9)3)
=e1{erP (([9)1,18)7)) +e2Pa (([¥)1:19)1)) }
+ez {e1 P ((|9)3:[9)3)) + eaPs( \ > 9)3)) }
= e1 P (([9)1,|9)1)) + e2Pa (113, |9)3))
=e1 (|¥)1,|9)7)7 + €2 ([¥)s,0)3)5 - O

Theorem 4.3 is true whether the bicomplex scalar product is C(ij )-
closed under V' or not. When it is C(iy )-closed, we have for k = 1,2

(92,1005 = Bu(([9):16))) = (1), 10)), V), |d) € V. (4.4)

Corollary 4.4. A ket |¢) is in the null cone if and only if (|¢), |¢)) is in the
null none.

Proof. By theorem 4.3 we have

(1), [¥)) = ex ([¥)1: [)5)1 + ez ([}, [¥)3)s - (4.5)
If [1) is in the null cone, then [¢)); = 0 for k = 1 or 2. By (4.5) then,

ex ([¥),[¥) =
Conversely, if (]i),]1)) is not in the null cone, then by (4.5)

()7 [)7) £0, k=12
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But then ([¢);,[¢);) # 0, and therefore [¢); # 0 (k = 1,2). O

4.2. Hilbert Spaces

Theorem 4.5. Let M be a finite-dimensional free T-module, let {|m;)} be a
basis of M and let V' be the vector space associated with {|m;)} through (2.21).
Then for k =1,2, (V,(-,-);) and (Vi,(-,-);) are complex (C(iy)) pre-Hilbert
spaces.

Proof. Since (-,-); is a standard scalar product when the vector space M’
of Theorem 3.6 is restricted to V' or Vi, then (V,(:,-)z) and (Vi,(+,-);) are

complex (C(iy)) pre-Hilbert spaces. O
Corollary 4.6. (V,(-,")3) and (Vi,(-,-)z) are complex (C(i1)) Hilbert spaces.

Proof. Theorem 4.5 implies that pre-Hilbert spaces (V, (-,-)z) and (V, (-,-)z)
are finite-dimensional normed spaces over C(ij). Therefore they are also
complete metric spaces [10]. Hence V' and Vj, are complex (C(i)) Hilbert
spaces. O

Let |¢r) and |¢g) be in Vi, for £ = 1,2. On the direct sum of the two
Hilbert spaces V; and V5, one can define a scalar product as follows:

(1) @ [h2); [91) @ |92)) = ([91); [@1))5 + ([4h2), |b2))5 - (4.6)

Then M' =V; & Vs is a Hilbert space [11].

From a set-theoretical point of view, M and M’ are identical. In this
sense we can say, perhaps improperly, that the module M can be decomposed
into the direct sum of two classical Hilbert spaces, i.e. M = V; ® V5. Now let
us consider the following norm on the vector space M':

1
9] = —5/(19)5: 90); + (19)3: 19)3)s - (4.7)
Making use of this norm, we can define a metric on M:

d(|9), 10)) = [|l¢) — [¥)]]. (4.8)

With this metric M is complete, and therefore a bicomplex Hilbert space.
We note that a bicomplex scalar product is completely characterized
by the two scalar products (-,-)z on V. In fact if (-,-); and (-,-)5 are two
arbitrary scalar products on V, then (:,-) defined in (4.3) is a bicomplex
scalar product on M.
As a direct application of this decomposition, we obtain the following
important result.

Theorem 4.7. Let f : M — T be a linear functional on M. Then there is a
unique [) € M such that V|¢), f(|9)) = (1), [4))-

Proof. We make use of the analogue theorem on V [10, p. 215], with the
functional Py (f) restricted to V. The theorem shows that for each k = 1,2,
there is a unique [¢o;) € V such that

Pe(H)(I8)7) = (1) 10)7); -
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Making use of Theorem 4.3, we find that |¢)) := e1|¢1) + ez2|i)2) has the
desired properties. O

4.3. Orthogonalization
Just like in vector spaces, a basis in M can always be orthogonalized.

Theorem 4.8. Let M be a finite-dimensional free T-module and let {|s;)} be an
arbitrary basis of M. Then one can always find bicomplex linear combinations
of the |s;) which make up an orthogonal basis.

Proof. Making use of Theorem 3.6 and Corollary 4.6, we see that M =V} &
Va, with V4 a complex Hilbert space. By Theorem 3.8, {ex|s;);} is a basis
of Vi (k = 1,2). Bases in vector spaces can always be orthogonalized. So
let {ex|s;)z} be an orthogonal basis made up of linear combinations of the
ex|si)z. For alll € {1...n} and for p # [, we see that

(e1|s)7 + ezlsp)z, ealsp)7 + ezls))s)
= (e1lsp)7, e1ls)y) + (e2ls1)s, e2]s)s)
is not in the null cone, and that
(e1ls))t + ez2ls1)s, ealsy)t + ealsy)s)
= (easi)r, exlsy)t) + (e2lsi)s, ezlsy)s)

vanishes. This shows that the set {eq|s;); + e2|s;)s} is an orthogonal basis
of M. O

It is interesting to see explicitly how the Gram-Schmidt orthogonaliza-
tion process can be applied. Let {|m;)} be a basis of M. We have shown in
Theorem 3.4 that no |my), and therefore no (|my),|m;)), can belong to the
null cone. Let |m]) = |m1) and let us define

(Im1),[m2))
! ! |m1>

(Im1),[m1))

Clearly, |m)) exists and (|m}), |m4)) = 0. Moreover, (|m}),|m})) is not in the

null cone. If it were, we would have for instance (by Corollary 4.4) ez|m5) = 0.

[ms) = |ma) —

But then
ey ()
0= 2(‘ 2 (Y, i) ”)
A AN JA,
=)+ (= oy 1o

This is impossible, since |m) and |ms) are linearly independent. We can
verify that |m}) and |m)) are also linearly independent. Indeed let wy |m}) +
wa|my) = 0. Taking the scalar product of this equation with |m;) (I = 1,2),
we find that w; (|m;),|m;)) = 0. Because |m;) is not in the null-cone, w; must
vanish.

Now we can make an inductive argument to generate an orthogonal
basis. Suppose that we have k linear combination of |my), ..., |myg), denoted
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|m}),...,|m}), that are mutually orthogonal, linearly independent and not
in the null cone. Let us define
(ma)s M), (), lmasad)
IMit1) = miega) — miy) — - = |m)-
e (fmy), [my)) (fm), fmg)) "

Clearly, |mj,_ ;) exists. We now show that |m}),...,|m;_ ) are (i) mutually
orthogonal, (ii) not in the null cone and (iii) linearly independent.

To prove (i), it is enough to note that (|m;), [m}_,)) =0for 1 <1 <k.
To prove (ii), let’s assume (for instance) that es|mj_,) = 0. We then have

e2(|m’1>,|mk+1))‘ N ez(lm@,lmm))‘ 3

IR T N N AN T Bl

Because the |m;) (I < k) are linear combinations of the |m;), this implies
that

k

0= ez|mk+1> + Zwl|ml>;
=1

for some coefficients w; (possibly null). But this equation is impossible be-
cause |mg41) and |my) (I < k) are linearly independent.

The proof of (iii), that the |m;) (I < k+ 1) are linearly independent,
can be carried out just like the one that |m}) and |mb,) are. This completes
the orthogonalization process.

Going back to the end of Theorem 4.8, we can see that any set like

{ea]sy, )7 +e2lsy, )3}, (4.9)

with [; not always equal to [, will give a new orthogonal basis of M. Following
this procedure, it is possible to construct n! different orthogonal bases of M.
Of course, there are an infinite number of bases of M.

The following theorem shows that an orthogonal basis can always be
orthonormalized.

Theorem 4.9. Any ket 1)) not in the null cone can be normalized.
Proof. Since (|¢),]¥)) € Dt and |+) is not in the null cone, we can write

(1), [¥)) = aer + bea, (4.10)
with @ > 0 and b > 0. It is easy to check that the ket

9 = (Jrer + 52 )
satisfies (|¢),|¢)) = 1. O

Note that normalization would be impossible if the scalar product were
outside DT, that is, if either a or b were negative.
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4.4. Self-Adjoint Operators

In Theorem 4.7 we showed that with finite-dimensional free T-modules, linear
functionals are in one-to-one correspondence with kets and act like scalar
products. This allows for the introduction of Dirac’s bra notation and the
alternative writing of the scalar product (|1),|¢)) as (¥|).

In [4] the bicomplex adjoint operator A* of A was introduced as the
unique operator that satisfies

(Ih), Alg)) = (A%[¢), @), V), |¢) € M. (4.11)

In finite-dimensional free T-modules the adjoint always exists, is linear and
satisfies

(A*)* = A, (sA+tB)* =sts4* +t1sB*, (AB)* = B*4*.  (4.12)
Moreover,
Pp(A)" = Pp(A"), k=12, (4.13)
where P (A)* is the C(iy ) adjoint on V.

Lemma 4.10. Let |¢),|¢p) € M. Define an operator |¢p) (| so that its action
on an arbitrary ket |x) is given by (|9)(])|x) = [4) ((¥|x)). Then |¢)()] is

a linear operator on M.

Proof. For any |x1) and |x2) in M and for any a; and a» in T, we have
(1o} (]) (calx1) + a2|x2)) = @) { (Y[ (cr]x1) + az]x2))}
= |9) {oa (¥]x1) + a2 (P|x2)}
= a1[¢) (¥[x1)) + az[@) ((¥[x2))
= a1 (|#)(¥]) [x1) + a2 (|9)(¥]) [x2)-

Ring commutativity allowed us to move scalars freely around kets. O

Theorem 4.11. Let {|u;)} be an orthonormal basis of M. Then
> ) (u| = 1.
=1

Proof. Since the action of a linear operator is fully determined by its action
on elements of a basis, it suffices to show that the equality holds on elements
of any basis. Letting the operator on the left-hand side act on |u,), we have

(Z |Uz>(ul|> Jup) =Y lur) ((wlup)) = D )iy = |uy). O
=1 =1 =1

Definition 4.12. A bicomplex linear operator H is called self-adjoint if H* =
H.

Lemma 4.13. Let H : M — M be a self-adjoint operator. Then Pi(H) : V —
V (k =1,2) is a self-adjoint operator on V.

Proof. By (4.13), Py(H)* = P,(H*) = P,(H). O
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Theorem 4.14. Two eigenkets of a bicomplex self-adjoint operator are orthog-
onal if the difference of the two eigenvalues is not in NC.

Proof. Let H : M — M be a self-adjoint operator and let |¢) and |¢') be two
eigenkets of H associated with eigenvalues A and X, respectively. Then

0= (|¢), H|¢") — (1¢), H|g)™* = X (|6),1¢") — [A (1), o))"
= N (|8)16) = ATs (|¢"), |o)"* = (V' = ATs) (|9), |¢))

Because H is self-adjoint we know, from Theorem 14 of [4], that A € . Hence
Afs = X and if X' — A ¢ NC, then (|¢),]¢')) = 0. a

With the structure we have now built, we can prove the spectral decom-
position theorem for finite-dimensional bicomplex Hilbert spaces.

Theorem 4.15. Let M be a finite-dimensional free T-module and let H : M —
M be a bicomplez self-adjoint operator. It is always possible to find a set {|¢r)}
of eigenkets of H that make up an orthonormalized basis of M. Moreover, H
can be expressed as

H =Y M)l (4.14)

=1

where \; is the eigenvalue of H associated with the eigenket |¢p) .

Proof. We first remark that the classical spectral decomposition theorem
holds for the self-adjoint operator P(H) = Hz, restricted to V' (k = 1,2).
So let {|¢)7} and {|¢:)5} be orthonormal sets of eigenvectors of H; and Hj,
respectively. They make up orthonormal bases of V' with respect to the scalar
products (-,-); and (-,-)s. Letting |¢;) := e1|¢1)7 + e2|¢1)s, we can see that
{|#1)} is an orthonormal basis of M. Let A\; be the eigenvalue of H associated
with |¢;), so that H|¢;) = Ai|¢r). To show that (4.14) holds, it is enough to
show that the right-hand side of (4.14) acts on basis kets like H. But

[Zwl @]!abp sz (Bildp)) =D Nbipldr) = Mplgp). O
=1

5. Applications

As an application of the results obtained in the previous sections, we will
develop the bicomplex version of the quantum-mechanical evolution operator.
To do this, we first need to define bicomplex unitary operators as well as
functions of a bicomplex operator.

5.1. Unitary Operators
Definition 5.1. A bicomplex linear operator U is called unitary if U*U = I.
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From Definition 5.1 one easily sees that the action of a bicomplex unitary
operator preserves scalar products. Indeed let [¢)),|¢) € M and let U be
unitary. Then

U),Ulg)) = UTU), |9)) = ([¥),|9)) = ([¢),19)) - (5.1)

Lemma 5.2. Let U : M — M be a unitary operator. Then P (U) : V — V
(k =1,2) is a unitary operator on V.

Proof. From (4.13) and Theorem 3.11 we can write
P, (U) P,(U) = P,(U")P,(U) = P,(UU) = P,(I) = I U

We note that a bicomplex unitary operator cannot be in the null cone.
For if it were, its determinant would also be in the null cone and the operator
would not have an inverse.

Theorem 5.3. Any eigenvalue X\ of a bicomplex unitary operator satisfies
Afs) = 1.

Proof. Let |¢) € M be an eigenket of a unitary operator U, associated with
the eigenvalue A, so that U|¢) = A|¢). Since U preserves scalar products, we
can write

(19),16)) = (Ul9), Ulg)) = (A, Alg)) = AT A (|9, |9)) -

Since an eigenket is not in the null cone, Afs\ = 1 or, equivalently, Atz =
AL O

Corollary 5.4. Let U be a unitary operator and let |¢) € M be an eigenket of
U associated with the eigenvalue \. Then U*|¢) = A3|¢).

Proof. Because U is unitary, one can write
Aa[g) = e I]g) = AU U|g) = AT AU*|g).

The result follows from Theorem 5.3. O

Theorem 5.5. Two eigenkets of a bicomplex unitary operator are orthogonal
if the difference of the eigenvalues is not in NC.

Proof. Let U : M — M be a unitary operator and |¢), |¢') be two eigenkets
of U associated with eigenvalues A and ), respectively. Corollary 5.4 then
implies

0= (16). U#") — (16", U™16))' = X (1), [¢)) — [A> (|¢"), |é))] "
=X (l9),16") = A(l9),[8") = (X' =) (|9),[4")) -

It X' — X ¢ NC, then (|¢), |¢')) = 0. O
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5.2. Functions of an Operator

Let M be a finite-dimensional free T-module and let A be a linear operator
acting on M. Let A := I and let {c, | n =0,1,...} be an infinite sequence
of bicomplex numbers. Formally we can write the infinite sum

i cp A" (5.2)
n=0

When this series converges to an operator acting on M, we call this operator
f(A).

The operator A and the coefficients ¢, can be written in the idempotent
basis as

A =e1A; + exAs, cp = e1c,7 + e2C, 5. (5.3)

Substituting (5.3) into (5.2), we get

FlA) = cpA"=e1 Y c,7A% +ex » ¢ 5A2
n=0 n=0 n=0
= e1f1(47) + e2f2(43). (5.4)

One can see that the f series converges if and only if the two series f;
and f, converge. These two are power series of operators acting in a finite-
dimensional complex vector space.

A very important bicomplex function of an operator is of course the
exponential, defined in the usual way as

O 1 .
exp{A} =T+ A (5.5)
n=1
Clearly,
exp{A} = ejexp {AT} + ez exp {A§} : (5.6)

We now prove two important theorems on exponentials of operators.

Theorem 5.6. If ¢ is a real parameter, %exp {tA} = Aexp {tA}.

Proof.
d d
=7 €XP {tA} = = [el exp {tAT} + eg exp {tA§}]
= e Asexp {tAT} + ez Asexp {tA§} = Aexp {tA}. O

Theorem 5.7. If H is self-adjoint, exp{i1H} is unitary.
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Proof. Since H; and Hs are self-adjoint in the usual (complex) sense, we have
[exp {i1 H}|" exp {i1 H}
= [el exp {ilH’f} + ez exp {i1H§}] * [el exp {ilﬂT} + ez exp {i1H§H
= [el exp {—i1Hf} + ez exp {—ing}} [el exp {i1Hf} + eg exp {i1H§H

= e1 exp {—ilHT} exp {i]_H’l\} + ez exp {—i1H§} exp {i1H§}
= e1I + 82I =1. U

5.3. Evolution Operator

A generalization of the Schrédinger equation to bicomplex numbers was pro-
posed in [3]. It can be adapted to finite-dimensional modules as

.. d
h—[9(t) = HlY (1)), (5.7)

where H is a self-adjoint bicomplex operator (called the Hamiltonian). Note
that there is no gain in generality if one adds an arbitrary invertible bicomplex
constant £ on the left-hand side, i.e.

. d
i1¢h— [0(1)) = HIy(1). (5.8)

Indeed one can then write
. d
11h%|¢(t)> = H'[¢(t)), (5.9)

with H' = ¢ 'H. For H' to be self-adjoint one must have &ts = £, so that
£ = e1& + e2&s, with & and & real. In this case (5.8) amounts to (5.7) with
a redefinition of the Hamiltonian.

From Theorems 5.6 and 5.7 we immediately obtain

Theorem 5.8. If H doesn’t depend on time, solutions of (5.7) are given by
lW(t)) = U(t, to)|v(to)), where |¢(to)) is any ket and

U(t,to) = exp {—%(t - tO)H} .

The operator U(t,ty) is unitary and is a generalization of the evolution
operator of standard quantum mechanics [12].

6. Conclusion

We have derived a number of new results on finite-dimensional bicomplex ma-
trices, modules, operators and Hilbert spaces, including the generalization of
the spectral decomposition theorem. All these concepts are deeply connected
with the formalism of quantum mechanics. We believe that many if not all
of them can be extended to infinite-dimensional Hilbert spaces.
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Chapitre 4

Conclusion

How can the world be for quantum
mechanics to be true ?

Louis Marchildon [53].

Dans ce mémoire, nous avons trouvé explicitement les valeurs propres ainsi que
les fonctions propres de 'oscillateur harmonique quantique bicomplexe. Nous avons
également développé un certain nombre d’outils mathématiques qui, nous croyons,

constitueront la base de I'algebre linéaire bicomplexe.

Bien que nous ayons trouvé de nouvelles valeurs propres et fonctions propres pour
le probleme de l'oscillateur harmonique, nous avons préféré laisser de coté, du moins

pour l'instant, 'interprétation physique de ces résultats.

A Taide des outils et des techniques utilisés dans ce mémoire, il semble raison-
nable de penser que la plupart des problemes de la mécanique quantique standard
pourraient également étre résolus a l'aide de la mécanique quantique bicomplexe. Ce
dernier point semble donc ouvrir la porte a une large gamme d’applications de la mé-
canique quantique bicomplexe a toutes sortes de systeémes, incluant des systemes plus

« physiques » comme par exemple I’atome d’hydrogene ou les ions hydrogénoides.
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