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Introduction to hyperbolic analysis

Basic results on hyperbolic numbers

Let us consider the set of hyperbolic numbers:

D:={z=x+1tj : =1, x,t € R} = Clg(0,1).
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Basic results on hyperbolic numbers

Let us consider the set of hyperbolic numbers:
D:={z=x+1tj : =1, x,t € R} = Clg(0,1).

We define Z := x — tj and |z]* .= zZ = x> — t? € R.
We can verify that the inverse of z whenever exists is given by

-1 “Z

V4 —W
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Introduction to hyperbolic analysis

Basic results on hyperbolic numbers

Let us consider the set of hyperbolic numbers:
D:={z=x+1tj : =1, x,t € R} = Clg(0,1).

We define Z := x — tj and |z]* .= zZ = x> — t? € R.
We can verify that the inverse of z whenever exists is given by

-1 “Z

V4 —W

The set N'C of zero divisors is given by
NC={x+tj : |x| =]t}
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Introduction to hyperbolic analysis

Null-cone of hyperbolic numbers

Spatial axis

Time axis
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Introduction to hyperbolic analysis

Hyperbolic analysis

Theorem
Let U be an open set and f : U C D — I such that

f e CHU). Let also f(x + tj) = fi(x,t) + fa(x, t)j. Then f is
D-holomorphic on U iff

ofi  0h of, 0
a = E and a = ot . (1)
f f;
Moreover ' = % + %j and f'(z) is invertible iff
X X
det Jr(z) # 0.
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Introduction to hyperbolic analysis

Hyperbolic analysis

Theorem

Let U be an open set and f : U C D — I such that

f e CHU). Let also f(x + tj) = fi(x,t) + fa(x, t)j. Then f is
D-holomorphic on U iff

ofh  0h oL  0f
gh _ %8 g 22N 1
ox ot ox T ot W)
fi o Of
Moreover ' = f + %j and f'(z) is invertible iff

ox  Ox

det Jr(z) # 0.
The system of linear PDEs (1) is the
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Introduction to hyperbolic analysis

Hyperbolic analysis

Theorem

Let U be an open set and f : U C D — I such that

f e CHU). Let also f(x + tj) = fi(x,t) + fa(x, t)j. Then f is
D-holomorphic on U iff

ofh  0h oL  0f
gh _ %8 g 22N 1
ox ot ox T ot W)
fi o Of
Moreover ' = f + %j and f'(z) is invertible iff

ox  Ox

det Jr(z) # 0.

The system of linear PDEs (1) is the
“Hyperbolic Cauchy-Riemann equations’ .
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Introduction to hyperbolic analysis

Elementary hyperbolic derivative

We define 9, =  (0x + jO;) and 9; = 1 (0« — jOy).
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Introduction to hyperbolic analysis

Elementary hyperbolic derivative

We define 9, =  (0x + jO;) and 9; = 1 (0« — jOy).
For a function f(z) = u(x, t) + v(x, t)j we note that

1 1

f,= 5((ux+vt)+(vx+ut)j> and £ = E((ux—vt)+(vx—ut)j).
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Elementary hyperbolic derivative

We define 9, =  (0x + jO;) and 9; = 1 (0« — jOy).
For a function f(z) = u(x, t) + v(x, t)j we note that

1 1
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Introduction to hyperbolic analysis

Elementary hyperbolic derivative

We define 9, =  (0x + jO;) and 9; = 1 (0« — jOy).
For a function f(z) = u(x, t) + v(x, t)j we note that

1 1
f, = 5((ux+vt)+(vx+ut)j> and £ = E((ux—vt)+(vx—ut)j).
In view of these operators,
f,(z)=0 & Uy = — V¢, Ve = —U;

(z)=0 & Uy = Vi, Vi = Uy

NI

< Hyperbolic Cauchy-Riemman
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Introduction to hyperbolic analysis

Elementary hyperbolic derivative

Lemma

Let f(z) = u(x, t) + v(x, t)j be a hyperbolic function where
Uy, Us, V. and v; exist, and are continuous in a neighborhood of
2.

v
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Introduction to hyperbolic analysis

Elementary hyperbolic derivative

Lemma

Let f(z) = u(x, t) + v(x, t)j be a hyperbolic function where
Uy, Us, V. and v; exist, and are continuous in a neighborhood of
Zo. The derivative

)= lim &)= fl2)

Zz—2y Z— 2y

(z—zy inv.)

exists iff

v
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Introduction to hyperbolic analysis

Elementary hyperbolic derivative

Lemma

Let f(z) = u(x, t) + v(x, t)j be a hyperbolic function where
Uy, Us, V. and v; exist, and are continuous in a neighborhood of
Zo. The derivative

f(z) — f
fla)= tim (D) =M2)
Z—2 Z— 2y
(z—zy inv.)
exists iff
fg(Zo) =0.

Moreover, f'(zy) = f.(20) and f'(zy) is invertible iff

det J7(zo) # 0.

v
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Hyperbolic pseudoanalytic function theory

o let z=x+tj € D, where x,t € R.
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Hyperbolic pseudoanalytic function theory

Hyperbolic pseudoanalytic function theory

o let z=x+tj € D, where x,t € R.
e The theory is based on assigning the part played by 1 and j
to two essentially arbitrary functions F(x,y) and G(x,y)

twice continuously differentiable in some open domain
Q c D:
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Hyperbolic pseudoanalytic function theory

o let z=x+tj € D, where x,t € R.
e The theory is based on assigning the part played by 1 and j
to two essentially arbitrary functions F(x,y) and G(x,y)

twice continuously differentiable in some open domain
Q c D:

Standard: W(z)=o(x,y) 1 + U(x,y) ]
! !
Pseudoanalytic: W(z) = ¢(x,y) F(x,y) + v¥(x,y) G(x,y).
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o let z=x+tj € D, where x,t € R.
e The theory is based on assigning the part played by 1 and j
to two essentially arbitrary functions F(x,y) and G(x,y)

twice continuously differentiable in some open domain
Q c D:

Standard: W(z)=o(x,y) 1 + U(x,y) ]
! !
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Hyperbolic pseudoanalytic function theory

Hyperbolic pseudoanalytic function theory

o let z=x+tj € D, where x,t € R.
e The theory is based on assigning the part played by 1 and j
to two essentially arbitrary functions F(x,y) and G(x,y)

twice continuously differentiable in some open domain
Q c D:

Standard: W(z) = ¢(x,y) 1 + Y(x,y) ]

! !
Pseudoanalytic: W(z) = ¢(x,y) F(x,y) + v¥(x,y) G(x,y).

e We require that Im(%G(z)) #0 in Q.
e Under this condition (F, G) will be called a generating pair
in Q.



Hyperbolic pseudoanalytic function theory

+Notc that n(FIG(2) = | FoLEC) Telgl)) |
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Hyperbolic pseudoanalytic function theory

. — | Re{F(2)} Re{G(2)}

e Notice that Im(F(z)G(z)) = Im{F(z)} Im{G(z)}
e From Cramer's theorem, for every z, in Q we can find unique
constants Ao, 1o € R such that w(zy) = AoF(20) + 10G(20).
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e Notice that Im(F(z)G(z)) = an%iiﬁ :ﬁ}ggg
e From Cramer’s theorem, for every z, in € we can find unique

constants Ao, fio € R such that w(z)) = A\oF(2) + 110G (20).
e More generally we have the following result.
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Hyperbolic pseudoanalytic function theory

e Notice that Im(F(z)G(z)) = an%iiﬁ :ﬁ}ggg
e From Cramer’s theorem, for every z, in € we can find unique

constants Ao, fio € R such that w(z)) = A\oF(2) + 110G (20).
e More generally we have the following result.

Theorem

Let (F, G) be generating pair in some open domain Q. If
w(z) : Q — D, then there exist unique functions
#(z2),¢¥(2) : @ C D — R such that

w(z) = ¢(z2)F(z) + ¢(2)G(z), Vz € Q.
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. — | Re{F(2)} Re{G(2)}

e Notice that Im(F(z)G(z)) = Im{F(z)} Im{G(z)}
e From Cramer's theorem, for every z, in Q we can find unique
constants Ao, 1o € R such that w(zy) = AoF(20) + 10G(20).

e More generally we have the following result.

Theorem

Let (F, G) be generating pair in some open domain Q. If
w(z) : Q — D, then there exist unique functions
#(z2),¢¥(2) : @ C D — R such that

w(z) = ¢(z2)F(z) + ¢(2)G(z), Vz € Q.

Moreover, we have the following explicit formulas for ¢ and :

_ Imw(2)6(2)]  \_  Imw(z)F(2)]

P(2) = —== , .
Im[F(z)G(z)] Im[F(z)G(z)]




Hyperbolic pseudoanalytic function theory

We say that w : Q2 C D — DD possesses at z, the
(F, G)-derivative w(z) if the limit
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Hyperbolic pseudoanalytic function theory

We say that w : Q2 C D — DD possesses at z, the
(F, G)-derivative w(z) if the limit

i(z) = fim 22 = 2F(2) ~ 106 (2)

z—29 zZ—2Z

(z—zy inv.)

exists.
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Hyperbolic pseudoanalytic function theory

We say that w : Q2 C D — DD possesses at z, the
(F, G)-derivative w(z) if the limit

i(z) = fim 22 = 2F(2) ~ 106 (2)

z—29 zZ—2Z

(z—zy inv.)

exists.
The following expressions are called the “characteristic
coefficients' of the pair (F, G):

) ~ FG-FG _ FG:— FG
RO~ FG-Fc Y FG_F¢
. _FG-FG  FG,- F.G
O T FG-Fe T T FG-F6-
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Hyperbolic pseudoanalytic function theory

Theorem

Let (F,G) be a generating pair in Q. Every hyperbolic function
w € CY(Q) admits the unique representation w = ¢F + G

where ¢,1 : Q — R. Moreover, the (F, G)-derivative

d
W= (Fd—G)W of w(z) exists and has the form
z

w=¢.F+19,G=w, —AFcw — Bircyw
iff
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Theorem

Let (F,G) be a generating pair in Q. Every hyperbolic function
w € CY(Q) admits the unique representation w = ¢F + G

where ¢,1 : Q — R. Moreover, the (F, G)-derivative

d
W= (Fd—G)W of w(z) exists and has the form
z

w=¢.F+19,G=w, —AFcw — Bircyw
iff
Wz = aer,G)W + b(F’G)W. (2)
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Hyperbolic pseudoanalytic function theory

Theorem

Let (F,G) be a generating pair in Q. Every hyperbolic function
w € CY(Q) admits the unique representation w = ¢F + G
where ¢,1 : Q — R. Moreover, the (F, G)-derivative

d(F,G)W

W= = of w(z) exists and has the form

w=¢.F+19,G=w, —AFcw — Bircyw

iff

Wz = aer,G)W + b(F’G)W. (2)

Equation (2) can be rewritten in the following form

6zF +1:G = 0.
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Theorem

Let (F,G) be a generating pair in Q. Every hyperbolic function
w € CY(Q) admits the unique representation w = ¢F + G
where ¢,1 : Q — R. Moreover, the (F, G)-derivative

d(F,G)W

W= = of w(z) exists and has the form

w=¢.F+19,G=w, —AFcw — Bircyw

iff

Wz = aer,G)W + b(,:’G)W. (2)

Equation (2) can be rewritten in the following form
¢zF +1:G = 0.

Equation (2) is called “Vekua equation”. Any solutions of (2)
are called “(F, G)-pseudoanalytic functions’ .



Hyperbolic pseudoanalytic function theory

Definition

Let (F, G) and (F1, Gy) - be two generating pairs in Q.
(Fi1, Gy) is called successor of (F, G) and (F, G) is called
predecessor of (F1, Gy) if

a(F,G1) = 4(F,G) and b(FhGl) = _B(F»G)'
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Hyperbolic pseudoanalytic function theory

Definition

Let (F, G) and (F1, Gy) - be two generating pairs in Q.
(Fi1, Gy) is called successor of (F, G) and (F, G) is called
predecessor of (F1, Gy) if

a(F,G1) = 4(F,G) and b(FhGl) = _B(F»G)'

The importance of this definition becomes obvious from the
following statement.
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Hyperbolic pseudoanalytic function theory

Definition

Let (F, G) and (F1, Gy) - be two generating pairs in Q.
(Fi1, Gy) is called successor of (F, G) and (F, G) is called
predecessor of (F1, Gy) if

a(F,G1) = 4(F,G) and b(FhGl) = _B(F»G)'

The importance of this definition becomes obvious from the
following statement.

Theorem

Let w be an (F, G)-pseudoanalytic function and let (F1, Gy)
be a successor of (F, G), then w is an (Fy, Gy)-pseudoanalytic
function.
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Hyperbolic pseudoanalytic function theory

Definition
Let (F, G) be a generating pair. Its adjoint generating pair
(F,G)* = (F*, G*) is defined by the formulas
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Hyperbolic pseudoanalytic function theory

Definition
Let (F, G) be a generating pair. Its adjoint generating pair
(F,G)* = (F*, G*) is defined by the formulas

. 2F .26

FG-FG’ FG—FG

The (F, G)-integral is defined as follows

/Wd(F,G)Z: F(ZI)RG/G*Wdz—|— G(Zl)Re/F*Wdz
r r .

where [ is a rectifiable curve leading from z; to z.
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Hyperbolic pseudoanalytic function theory

If w=¢F 4+ G is an (F, G)-pseudoanalytic function then

[ i = w(z) - oz)F(2) - (z)6(2)

0
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Hyperbolic pseudoanalytic function theory

If w=¢F 4+ G is an (F, G)-pseudoanalytic function then

[ i = w(z) - oz)F(2) - (z)6(2)

0

This integral is path-independent and represents the
(F, G)-antiderivative of w.
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Hyperbolic pseudoanalytic function theory

If w=¢F 4+ G is an (F, G)-pseudoanalytic function then
[ e = wiz) - oa)F(2) - v()6(2)

This integral is path-independent and represents the
(F, G)-antiderivative of w.
The expression

?(20)F(2) + ¥(20)G(2)

can be seen as a “pseudoanalytic constant’ of the generating
pair (F, G) in Q.

Sébastien Tremblay Zakharov-Shabat system and hyperbolic pseudoanalytic theory



Hyperbolic pseudoanalytic function theory

Definition

A sequence of generating pairs {(Fm, Gm)} with m € Z, is
called a generating sequence if (Fp11, Gmy1) is a successor of
(Fm, Gm). If (Fo, Go) = (F, G), we say that (F, G) is
embedded in {(Fp, Gn)}.
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Hyperbolic pseudoanalytic function theory

Definition

A sequence of generating pairs {(Fm, Gm)} with m € Z, is
called a generating sequence if (Fp11, Gmy1) is a successor of
(Fm, Gm). If (Fo, Go) = (F, G), we say that (F, G) is
embedded in {(Fp, Gn)}.

Definition

A generating sequence {(Fp,, G,,)} is said to have period

p > 0 if (Fmip, Gmep) is equivalent to (Fp, Gp) that is their
characteristic coefficients coincide.
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Hyperbolic pseudoanalytic function theory

Formal powers

Let w be an (F, G)-pseudoanalytic function. Using a
generating sequence in which (F, G) is embedded we can
define the higher derivatives of w by
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Hyperbolic pseudoanalytic function theory

Formal powers

Let w be an (F, G)-pseudoanalytic function. Using a
generating sequence in which (F, G) is embedded we can

define the higher derivatives of w by
W[m+1] — d(Fm,Gm)W[m]
dz ’

wl = w; m=20,1,2,...
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Hyperbolic pseudoanalytic function theory

Formal powers

Let w be an (F, G)-pseudoanalytic function. Using a
generating sequence in which (F, G) is embedded we can
define the higher derivatives of w by

d [m]
wlm+1l — GEmGm)W

dz ’
Formal powers Z\)(a, zo; z) with center z, € Q, coefficient a
and exponent n can be introduced by the following relations

wl = w; m=20,1,2,...
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Hyperbolic pseudoanalytic function theory

Formal powers

Let w be an (F, G)-pseudoanalytic function. Using a
generating sequence in which (F, G) is embedded we can
define the higher derivatives of w by

W[m+1] — d(Fm,Gm)W[m]
dz ’
(n)

Formal powers Zp,"(a, zo; z) with center zy € Q, coefficient a
and exponent n can be introduced by the following relations

Z,(no)(a, 20;2) = M + Gy, A n€R

wl = w; m=20,1,2,...
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Hyperbolic pseudoanalytic function theory

Formal powers

Let w be an (F, G)-pseudoanalytic function. Using a
generating sequence in which (F, G) is embedded we can
define the higher derivatives of w by
W[m+1] — d(Fm,Gm)W[m]
dz ’
Formal powers Z\)(a, zy; z) with center zy € €, coefficient a
and exponent n can be introduced by the following relations

Z,(no)(a, 20;2) = M + Gy, A n€R

wl = w; m=20,1,2,...

with Z,Sqo)(a, 20; 20) = AFm(20) + Gm(20) = a,
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Hyperbolic pseudoanalytic function theory

Formal powers

Let w be an (F, G)-pseudoanalytic function. Using a
generating sequence in which (F, G) is embedded we can
define the higher derivatives of w by
W[m+1] — d(Fm,Gm)W[m]
dz ’
Formal powers Z\)(a, zy; z) with center zy € €, coefficient a
and exponent n can be introduced by the following relations

Z,(no)(a, 20;2) = M + Gy, A n€R

wl = w; m=20,1,2,...

with Z,Sqo)(a, 20; 20) = AFm(20) + Gm(20) = a,

Z,Sq")(a, 20,2) = n/ Z,S:ll)(a, 20; Q)d(Fm ¢, n=0,1,2,...

20
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Hyperbolic pseudoanalytic function theory

Formal powers

This last definition implies the following properties.
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Hyperbolic pseudoanalytic function theory

Formal powers

This last definition implies the following properties.
o Z,(,,")(a7 z9;z) is a (Fp, Gp)-pseudoanalytic function of z.

Sébastien Tremblay Zakharov-Shabat system and hyperbolic pseudoanalytic theory



Hyperbolic pseudoanalytic function theory

Formal powers

This last definition implies the following properties.
o Z,(,,")(a7 z9;z) is a (Fp, Gp)-pseudoanalytic function of z.
@ If a; and a, are real constants, then
25 (a1 + jar, 20:2) = a2 (1, 201 2) + 2228 (3, 201 2).
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Hyperbolic pseudoanalytic function theory

Formal powers

This last definition implies the following properties.
o Z,(,,")(a7 z9;z) is a (Fp, Gp)-pseudoanalytic function of z.
@ If a; and a, are real constants, then
ZiN a1 + a2, 20:2) = 3128 (1, 20: 2) + 2287 (). 201 2).
© The formal powers satisfy the differential relations

d Z\)(a, 2o, n—
(FinyGm) ; (2,201 2) _ nZ"(a, z9; 2).
z
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Formal powers

This last definition implies the following properties.
o Z,(,,")(a7 z9;z) is a (Fp, Gp)-pseudoanalytic function of z.
@ If a; and a, are real constants, then
ZiN a1 + a2, 20:2) = 3128 (1, 20: 2) + 2287 (). 201 2).
© The formal powers satisfy the differential relations

d(Fm,G,,,)Zr(nn)(a, 29, 2)
dz

= ”Zr(nr:r_ll)(aazo;z)-

@Q The asymptotic formulas
ZM(a, 20, 2) ~ a(z — 20)", z— 2

hold.
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Zakharov-Shabat system

@ Inverse scattering problems involving coupling mode have
been investigated by many authors.
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Zakharov-Shabat system

@ Inverse scattering problems involving coupling mode have
been investigated by many authors.

© When the medium concerned is treated as a continuously
varying one, the 1-D case is usually associated with
Zakharov-Shabat (ZS) coupling-mode equations.
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Zakharov-Shabat system

@ Inverse scattering problems involving coupling mode have
been investigated by many authors.

© When the medium concerned is treated as a continuously
varying one, the 1-D case is usually associated with
Zakharov-Shabat (ZS) coupling-mode equations.

© Generally, analytical solutions to these problems are not
easy to find.
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Zakharov-Shabat system & hyperbolic Vekua eq.

Consider the ZS system for two modes n; and ny:
O +ikny = s(x)m
Oxoy — ikny = —s(x)ny,

where the functions ny, ny, the coupling potential s(x) and the
wavenumber parameter k are supposed to be complex.
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Zakharov-Shabat system & hyperbolic Vekua eq.

Consider the ZS system for two modes n; and ny:
O +ikny = s(x)m
Oxoy — ikny = —s(x)ny,

where the functions ny, ny, the coupling potential s(x) and the
wavenumber parameter k are supposed to be complex.

This system is frequently considered as a Fourier transform of
the following system

Oxny + 0iny = s(x)n_

Oxn_ — On_ = —s(x)ny.
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Zakharov-Shabat system & hyperbolic Vekua eq.

Consider the following functions

u=n_+ng, V=n_—n;.
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Zakharov-Shabat system & hyperbolic Vekua eq.

Consider the following functions

u=n_+ng, V=n_—n;.
We have
Ou— 0w = sv
Ov — Ol = —su.
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Zakharov-Shabat system & hyperbolic Vekua eq.

Consider the following functions

u=n_+ng, V=n_—n;.
We have
Ou— 0w = sv
Ov — Ol = —su.

This system can be written in the form

W? — _S(;)JW’

where z = x +jt, W = u+jv, Ws = %(ax—jat)w.
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Zakharov-Shabat system & generating pair

We are able to construct a corresponding generating pair:
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Zakharov-Shabat system & generating pair

We are able to construct a corresponding generating pair:
F(x) = cos S(x) —jsin S(x), G(x) = sin S(x) +j cos S(x),

where S is an antiderivative of s.
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Zakharov-Shabat system & generating pair

We are able to construct a corresponding generating pair:
F(x) = cos S(x) —jsin S(x), G(x) = sin S(x) +jcos S(x),
where S is an antiderivative of s.

Notice that Im(FG) = 1.
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Zakharov-Shabat system & generating pair

We are able to construct a corresponding generating pair:
F(x) = cos S(x) —jsin S(x), G(x) = sin S(x) +j cos S(x),
where S is an antiderivative of s.

Notice that Im(FG) = 1.

In order to introduce the (F, G)-derivative in the sense of Bers
let us calculate the characteristic coefficients A(r ¢), B(F,c):

FE:FZ:—SG and @:Gzng.
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Zakharov-Shabat system & generating pair

We are able to construct a corresponding generating pair:
F(x) = cos S(x) —jsin S(x), G(x) = sin S(x) +j cos S(x),
where S is an antiderivative of s.

Notice that Im(FG) = 1.

In order to introduce the (F, G)-derivative in the sense of Bers
let us calculate the characteristic coefficients A(r ¢), B(F,c):

FF=F.=—2G and G =G, =F.

Then )
s(x)j

A(F7g) =0 and B(F,G) = — >
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Zakharov-Shabat system & generating pair

Thus, the (F, G)-derivative of solutions of the main Vekua has
the form

W=W,+ S(S)JW
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Zakharov-Shabat system & generating pair

Thus, the (F, G)-derivative of solutions of the main Vekua has
the form

W=W,+ S(S)JW

and is a solution of the equation
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Zakharov-Shabat system & generating pair

Thus, the (F, G)-derivative of solutions of the main Vekua has

the form .
W=Ww, + S(S)JW
and is a solution of the equation
(W)E = S(;)JW

for which a generating pair can be constructed as well

F1(x) = cos S(x)+jsin S(x), Gi1(x) = —sin S(x)+j cos S(x).
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Zakharov-Shabat system & generating sequence

The generating sequence {(Fm, Gm)} has then the form
Frm = cos S(x)+(=1)""jsin S(x), G = (—1)™sin S(x)+j cos S(x)

;
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Zakharov-Shabat system & generating sequence

The generating sequence {(Fm, Gm)} has then the form
Fr = cos S(x)+(=1)""jsin S(x), G = (—1)™sin S(x)-+j cos S(x).
with

(wh)

z

= (-1

v

W[n+1] _ (W[n])z + (_1),75(;()J

Wwinl.

Sébastien Tremblay Zakharov-Shabat system and hyperbolic pseudoanalytic theory



Zakharov-Shabat system and pseudoanalytic function theory

Zakharov-Shabat system & generating sequence

The generating sequence {(Fm, Gm)} has then the form
Fr = cos S(x)+(=1)""jsin S(x), G = (—1)™sin S(x)-+j cos S(x).
with

(W[n]) _ (_1)n+1 @W

v

W[n+1] _ (W[n])z + (_1),75(;()J

z

Wwinl.

That is, it is periodic with a period 2.

In this case the whole system of formal powers can be

constructed explicitly and
Fro=Gn, G, =Fn,
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Thank you !

Sébastien Tremblay
Département de mathématiques et d'informatique
Université du Québec, Trois-Rivieres, Canada
Web: www.uqtr.ca/sebastien.tremblay
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