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/ Introduction to bicomplex numbers' \

The bicomplex numbers are defined as
T := {wo + w1y + waiz + wsj | wo, w1, w2, ws € R}.

The product of imaginary units are given by i§ = i3 = —1,
j° = land

1312 = 1211 = Js
hj = jh =
12] = Jl2 = —11.

The bicomplex numbers are commutative.

We define the following two subsets C(ix) C T for £ = 1,2 by

C(ix) := {z + yix | 2 = -1 and z,y € R}.
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Conjugates for bicomplex numbers I

Let w € T and 21, 2o € C(i1) such that w = z; + 25i5. Then we
define the three conjugations as:

T = (214 29i2)11 := 2 + Zoia,
Slide 3 v (Gerezp)t = oty
wl2z = (Zl —+ ZQiz)TQ =21 — 2212,
wls = (21 + 20d2)Ts 1= 21 — 22,
where z; is the standard complex conjugate of complex numbers
zr, € C(i1). Hence for w = 21 + z9i2 = wo + wriy + wais + wsj the
conjugations of type 1,2 or 3 of w have, respectively, the signatures
(+—=+-), (++——)and (+ — —+).
/ Conjugates for bicomplex humbers I \
The composition of conjugates is given by the Klein group:
o [ to ]t | ta]ts]
Slide 4 To || To | T | T2 | T3
fo || 11| fo | 13 ] 12
T2 T2 Td TO T]
Ta || T3 | T2 | T1 | To
where wio := w Yw € T.
The three kind of conjugations all have the standard properties of

Qmjugations. J
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/ The bicomplex moduli I

lw = w- wh2 = 22 + 22 € C(ih),
|w\122 = w-wh = (|zl\2 — \22|2) + 2Re(2z1Z2)i2 € C(ia),
lwlf = w- w's = (|z1]2 + |22/%) — 2Im(2122)j € D,

It is easy to verify that the inverse of w is given by

L, wh

Tl
The set N'C of zero divisors of T, called the null-cone, is given by

\_
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/ Hyperpolar coordinates I

For z1,29 € C(i1) and w = z; + 2213 € T, we have
w

e = et 7212 — g%1e%212 — %1 (o8 25 + ig sin 23),

In particular for

~

e z; =Inr € Rand z;, = 6 € R, we obtain the standard complex

polar coordinates;
e z; =Ilnp e Rand z, = ¢i; (¢ € R)
e1t#2iz — pe®l = plcos(¢iy) + iz sin(¢iy)]
p [cosh ¢ + i2i; sinh @]
= p[cosh ¢ + jsinh ¢],

k the hyperbolic polar coordinates.




Bicomplex Schrédinger equation I

Let us now consider an analog of the one-dimensional standard
Schrédinger’s equation over the bicomplex space functions:

2
i1h o (x,t) + - O2p(x,t) — V(z,t)Y(z,t) =0
Slide 7 2m
where

Yv:R2 > TandV:R? - R.

We express the wave function ¢ (z, ¢) into the hyperpolar

coordinates as
Y(z,t) = e TP +7iz+4)
) b)

where «, 3,y and ¢ are real functions going from R? — R.
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System of real differential equations'

The system of four differential equations in terms of the four real
functions o, 3, and ¢ is given by:

—hOB + L [2a+ (0:0)° — (0aB)? — (8a7)? + (8:0)%] =V =0,

2m

Slide 8 oo +  F (026 +2(0,000:8 — 0,7 0:6)] =0,

(%)
—0i6 + % [837 + 2(8;1004(9];’}/ - dzﬂaﬁ)] =0,

8157 + Qim {836 + 2(8;,;(1 8:1:(S + a’l;[)) 8:1;’7)] =0.

The system (&) posses a 4-dimensional discrete group, leaving
the solution set of the system invariant.
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Discrete symmetry group I

These discrete symmetry group is given by

B = Id po=1!7 7 7

6 — =0

A —  —Iii R ol
N op _ ) 7 O
0 — iz 0 —  —viz

e Note that «, 8 are not transformed under these symmetries.

e The group of symmetries is the Klein group
(the smallest non-cyclic).
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Bicomplex continuity equation I

V) + V- 32(0) =0,
1(9) = (www Yo, = Lo, (3 1 i)

{ <
@ww5+Vwa 0,
(
{ (¥

<~

N

$) = D (hod,p — OyuTe) = TLeHari (5 — )
2m1 m
Oy (pizapt) + V- J5(¢) =0,

&

(w) 2m1
025(sz¢ + V- Js() =0,
J4(1/)

2m1

(z/;h@ sz _wb@ th) — h e2(a— OJ)@ (B +7j)
m

(Ws@ wb _ q/ﬁza 1/}3) — %@(aﬂiz)aw(ﬁ — big)

~
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Symmetries of the continuity equations I

Under the discrete symmetries a solution 1)(x, t) = e®+Fii+7i2+0j of
() is transformed into:

Pi(y) = yt2, Po(yp) =y, Pa(yh) =1,

where the functions ¢, and ¢)_ are functions in the C(i; )-space
given by
wi = e(ai5)+(ﬁ$"/)i1 .

Consider now the discrete symmetries P, P, and P; on the
continuity equations:

e P;: The continuity equations 1 — 4 and 2 — 3;

\_ /

Symmetries of the continuity equations I

e P, The continuity equations 1 and 2 are both transformed into:

O(pyp,) +V-I(Yg) =0,
hoo_ _h
J(Wy) = M@M@MM — Y109, ) = 582((!%)335(5 - 7).

e P5: The continuity equations 1 and 2 are both transformed into:

(Y- )+ V- J(-) =0,

h
2mi1

\_ /

— — h
J(p_) = (_Bptp_ —h_8,p_) = Ee“a*‘”ax(ﬂ +7).
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Definitions of real moduli I

Motivation: Obtain some bicomplex Born formulas.

Lets,t € T, we define | - |, k =1,2,3 as

L=l
For w = 21 + 29ig with 21,22 € (C(l]_) we have

lwly = |22 + 22|V/? = Vwwhwtewts.
This modulus has the following properties:

@ | |1:T—-R;
(b) [slx > 0 with |s|x = 0 iff s € NC;

(©) |s-tly =|s|1-|t]1-

\_ /

/ Definitions of real moduli I \

2. [ lz:= |l i),
This modulus has the same properties as | - |1. Indeed we can
rewrite |w|, as |w|z = |27 + 23|'/2, where w = 21 + 22i; with
21,22 € C(iz)

3. | ls= - j
For w = z1 + 2915 wWith 21,%9 € C(ll) we have

lwls = |w| = y/Re(lwl}) = /|21]? + |22/

This modulus has the following properties:

3

@] ]s: T —R (b) |sls > O with |s|s = 0 iff s — 0
() |s+tls <|sls+[tls (d)[s-tls < V2]s|s - |t]s.
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Invariance of the real moduli I

Under the bicomplex Born formulas, the wave function
Y(x,t) = e*HPirtriz+0i hecomes

[Y|3 = |¢|2 = e** — standard case
26)2 26)4
|1/)|§ — C2a COSh(25) _ 0204 <1 + ( 2') + ( 4') +. ) .

hyperbolic perturbation

What is the result of the bicomplex Born formulas under the
discrete symmetries?

Invariance of the real moduli I

T L if k= 1,2
Pl =l = |
e“*cosh(20) ifk=3

and
1Pl = ePlplf = et

Pl = el = )

for k =1,2,3.
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Let e, := 3 and e, := ;. Then we can express v(, t) as
THEOREM. Let ¢ be a complex wave function given by

Then
2 2
[0f? = [} = [l = [l = Vgt = IR oo

where |y|? gives the standard Born’s formula and is invariant under
all the discrete symmetries of the bicomplex Schrédinger equation.

~

Born formulas for §(z,t) — 0

Y= e TBii iz +d) Prer +P_es.

Y(x,t) = (@) +B(@ )i+ (z,t)iz _ Vo (z,t)er + ¥_(z,t)es.

-~
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e The fact that hyperbolic angle of the exponential is zero in ) ,

Conclusion \

i.e. we have to consider 6(z,t) = 0 in the THEOREM, do not
mean that hyperbolic part of the wave function do not play any
role. Indeed, we can rewrite ) as

Y(x,t) = e (cos[cosy+ iy sinfcosy+ iz cosFsiny
+ jsinBsin~y).
Hence, the wave function considered in the THEOREM is
really a bicomplex function.

Under some discrete symmetries of the system (&) of the
bicomplex Schrédinger equation, the bicomplex continuity
equations can be transformed into real continuity equations.

Generalization of the Born’s formula for a class of wave functj




