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SOMMAIRE 

Le premier article de cette thèse vise à introduire la dynamique bicomplexe 

en utilisant une géneraiisation commutative des nombres complexes appelée les 

nombres bicomplexes. En particulier, nous donnons une généralisation de l'en- 

semble de Mandelbrot et  des ensembles de "Julia-rempli" en dimension trois et 

quatre. Aussi? nous établissons que notre version de l'ensemble de Mandelbrot 

établie avec des polynômes quadratiques en nombres bicornplexes de la forme 

1ÿ2 + c est identiquement l'ensemble des points pour lesquels la généralisation 

de l'ensemble de "Julia-rempli" est connexe. De plus, nous prouvons que notre 

généralisation de l'ensemble de Mandelbrot de dimension quatre est connexe. 

Dans le second article, nous utilisons aussi les nombres bicomplexes afin de 

montrer que la sous-classe des applications holomorphes de @, satisfaisant les 

équations de Cauchy-Riemann complexifiées, a une constante de Bloch dans @?. 

De plus, nous trouvons des estimations de cette constante lorsque les applica- 

tions sont sur la boule unité et nous donnons un domaine spécifique de @ où la 

constante de Bloch a la même valeur que la constante de Bloch classique d'une 

variable complexe. 
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INTRODUCTION AU CHAPITRE 1 

En 1982, A. Xorton 1231 nous présente certains algorithmes simples pour la 

génération et la représentation de formes fractales en 3-D. Pour la première fois, 

l'itération de quaternions 1191 apparaît. Par la suite, certains résultats théoriques 

ont été traités dans [13] pour l'ensemble de Mandelbrot quaternionique défini avec 

le polynôme quadratique en quaternions de la forme q2 +c. Cependant, dans (31 S. 

Bedding and K. Briggs ont établi qu'il n'existe pas de dynamique intéressante avec 

cette approche et  qu'elle ne joue aucun rôle fondamental analogue à l'application 

z2 + c pour le plan complexe. Yous notons qu'une autre définition de l'ensemble 

de Mandelbrot pour les quaternions a été introduite par J .  Holbrook dans 1181. 

Cette définition nous donne un ensemble de Mandelbrot qui n'est pas une tranche 

de l'ensemble de Mandelbrot quaternionique défini avec le polynôme quadratique. 

Dans ce premier article, nous utilisons une généralisation commutative des 

nombres complexes appelés nombres bicomplexes ( 1241, 1251, [26] ,  [28)) afin de 

donner une nouvelle version de l'ensemble de Mandelbrot en dimension trois et 

quatre. De plus, nous prouvons que notre généralisation en dimension quatre, no- 

tée M P ,  est un ensemble connexe. Aussi, nous définissons le concept d'ensemble 

de "Julia-rempli" pour les nombres bicornplexes et nous prouvons qu'un point est 

à l'intérieur de M Z  si et seulement si I'ensemble de "Julia-rempli" a ce point est 

connexe. Ces deux résultats sont parfaitement analogues aux résultats correspon- 

dants pour le plan complexe. 



Notre généralisation de l'ensemble de Mandelbrot en dimension trois est éta- 

blie à partir d'une tranche de M 2 .  YOUS donnons aussi une représentation gra- 

phique de notre ensemble, appelé le "tétrabrot", dans IR3 et portons spécialement 

notre attention sur les couches de divergence à l'infini pour approcher l'ensemble. 

De plus, nous donnons des représentations graphiques d' ensembles de "Julia- 

rempli" associes a des points sur le tétrabrot et nous notons que la forme de 

certains ensembles de "Julia-rempli" sont le reflet de la forme du tétrablrot près 

des points correspondants. Cette caractéristique avait aussi été remarquée pour 

l'ensemble de Mandelbrot dans le plan complexe. 

Finalement, nous remarquons que le tétrabrot pourrait possiblement être 

non-connexe et nous établissons des hypothèses sur la géométrie de l'ensemble de 

Mandelbrot pour lesquelles le tétrabrot serait non-connexe. 



Chapitre 1 

ARTICLE 1: "A GENERALIZED 

MANDELBROT SET FOR BICOMPLEX 

NUMBERS" 

Article accepté pour publication dans la revue ''fiactals". ' 

In 1982, A. Sorton [231 gave some straightforrvard algorithms for the ge- 

neration and display in 3-D of fractal shapes. For the first time, iteration with 

quaternions 1191 appeared. Subsequently, theoretical results have been treated in 

[13] for the quaternionic Mandelbrot set defined with quadratic polynomial in 

the quaternions of the form q2 + c. However, in 131, S. Bedding and K. Briggs 

established that there is no interesting dynamics for this approach and i t  does not 

play any fundamental role analogous to  that for the map z2 + c in the comples 

plane. We note that  another definition of a Mandelbrot set for the quaternions 

was introduced by J. Holbrook in [181. This definition gives a Mandelbrot set in 

IR3 which is not a slice of the quaternionic quadratic Mandelbrot set. 

In this article, we use a commutative generalization of the comples numbers 

called bicomplex numbers ( 1241, 1251, 1261, 1281) to give a new version of the 

1. Recherche supportée par le FCAR Québec. 



Mandelbrot set in dimensions three and four. Moreover, we prove that  our ge- 

neralization in dimension four, noted M2, is a connected set. We also define the 

concept of 'Yilled-Julia" set for bicomplex numbers and we prove that  a point is 

inside M 2  if and only if the "filled-Julia" set at that point is connected. These 

two results are perfectly analogous ta the corresponding results in the complex 

plane. 

Our generalization of the Mandelbrot set in dimension three is established 

from a slice of M p .  We also give a graphics representation of our set, called the 

Tetrabrot, in R3 and we especially focus our attention on the infinite divergence 

layers to approach this set. bloreover, we give a graphics representation of the 

associated "filled-Julia" set for points on the Tetrabrot and we note that  shapes 

of certain "fÀ1led-Julia" sets are reflected in the shape of the Tetrabrot near the 

corresponding points. This feature had also been remarlced for the Mandelbrot 

set in the complex plane. 

Final?, we remark that the Tetrabrot could possibly be unconnected and we 

establish hypotheses about the geometry of the Mandelbrot set for which the 

Tetrabrot would be unconnected. 

Here, we introduce some of the basic results of the theory of bicomplex num- 

bers. First, we define bicomplex nuinbers as follows: 

@2 : = {a+bil  +ci2 + d j  : i l2 = i22 = -l,j2 = 1 and i2 j  = ji2 = -il,ilj = 

j i l  = -i2> i2il = ili2 = j} where a,  b, c: d E W. In this article, the norm used on 

@2 is the Euclidean norm (also noted 1 1) of %. 

We remark that we can write a bicomplex number a + bil + ci2 + dj as 

(a+bii)+(c+di1)i2 = t l+z2i2 wherezi,z2 E Cl : = {x+yil  : i l2  = -1).Thus, 



can be veiwed as the complexification of the usual complex numbers Cl and 

a bicomplex number can be seen as an element of a?. Moreover, the norm of the 

bicomplex number is the same as the norm of the associated element (zl: 22) of 

p. I t  is easy to see [24] that @2 is a commutative unitary ring with the following 

characterization for the noninvertible elements: 

Proposition 1. Let w = a + bzl + ci2 + dj  E @2. Then w is noninvertible ifi 

(a  = -d a d  b = c)  or (a  = d and b = -c) iff z12 + z~~ = 0. 

It  is also important to know that every bicomplex number ZL + z2i2 has the 

following unique idempotent representation: 

where el = '2 and el  = y. 
This representation is very useful because: addition, multiplication and di- 

vision can bc done term-by-term. Also, an element will be noninvertible iff z1 - 

z2il = O or z1 + 2-21 = O -  The next definition will be useful to  construct a naturaI 

"disc" in @s . 

Definition 1. We say that X C @2 is  a @2-cartesian set d e t e n i n e d  Sy Xi and 

X2 if X = XI x, X;  : = { r l  + z2i2 E & : 21 + z2i2 = q e l  't wze2, (w1: w2) E 

x, x X,}. 

In 1241 i t  is shown that if and A\ are domains of Cl then X1 x ,  Xz is also 

a dornain of C&. Then, a manner to  construct a natural "disc" in @2 is  to take 

the @?-cartesian product of two discs in Cl. Hence, we define the natural "disc" 

of & as f o l l o ~ s  [24] : D ( O ,  r )  : = B1 ( O ,  T )  X ,  B1 ( O ,  r )  = {zi + z2i2 : i l  + z2i2 = 

wlel  + w2e2, Iwll < r, lw2l < r )  where Bn(O, T )  is the open bal1 of @; = C' with 

radius T .  



In this section: we want to give a version of the Mandelbrot set for the 

bicomplex numbers. First, we recall the definition of the Mandelbrot set for the 

complex plane: 

Definition 2. Let P,(z) = r2 + c where z, c E @ and P,"" : = (PC("-') O Paz) 

Then the Mandelbrot set as defined as follows: M = { c  E @ : Pen(0) is bounded Vn E 

IV}. When. we take z ,  c E Cl, zue denote the Mandelbmt set b y  M l .  

Figure 1 gives an illustration of the Mandelbrot set with some of i ts  "filled- 

Julia'' sets. In fact, our figure is a rotation by 90" of the original Mandelbrot set. 

This rotation will give a better vantage point when we shall work on our version of 

the Mandelbrot set in R3. Also, the colours around the Mandelbrot set have been 

determined by the number of iterations needed before IP,""(O)I > 2. This is well 

justified by the fact that the Mandelbrot set can also be characterized as follows: 

M = {c E C : 1 PC" ( O )  1 2 2 Vn E RI} 171. Then, the colours give information about 

the manner in which the algorithm for the Mandelbrot set diverges t o  infinity. 

This information will be almost the only possible one to approach our version of 

the Mandelbrot set in dimension three. 

Ive also recall the following beautiful property of the Mandelbrot set [IO]: 

Theorem 1 (Douady and Hubard, 1982). The Mandelbrot set M 2s connec- 

t ed. 



Now, to give a version of the Mandelbrot set for the bicomplen iiumbers we 

have only t o  reproduce the algorithm of Definition 2 for the bicomples numbers. 

This is the next definition. 

Definition 3. Let Pc(w) = w 2  + c vhere w ,  c E (& and PZn(w) : = (PC("-') O 

P,)(w). Then the generalzzed Mandelbrot set for bicomplex numbers zs defined as 

/ollozus: M2 = {C E C2 : PJn(0) zs bounded V n  EN}. 

The next lemma is a characterization of M 2  using only M 1. This lemma will 

be useful to prove that M2 is also a connected set. 

Lemma 1. M 2 = M 1  x , M l .  

Proof. First, we prove tbat M2 C Mi xc  Mt. Let c E @2 such tha t  PCn(0) 

is bounded Vn  E N. We have 

where w = (zl - z2il)el + (zl + z2il)e2 and c = (cl - c2il)el + (ci + c2il)ea. Then, 

By hypothesis, 

pC0"(0) = P ~ , , , ,  (0)el + P::+,i, (0)ez is bounded Qn E N. 

Hence, Pz:-,2i, (O) and P:'& (O) are also bounded Vn E N. Then cl - c2il2 

cl + c2il E Ml and c = (cl - c2il)el + (cl + c2il)e2 E Mi X e  Mi. 
Conversely, if we take c E Mi x. Mi? we have c = (cl - c2il)el +(cl +c2il)e2 

with cl - c2il, cl + ~ 2 2 1  E Ml. Hence, P&,i, (O) and Pl:+,i, (0) are also bounded 

Vn E E. Then PCn(0) is bounded Vn E E, that  is c E M Î .  O 

Theorem 2. The generalzzed Mandelbrot se t  M2 is connected. 



Proof. Define a rnapping e as follows: 

The mapping e is clearly a homeomorphism. Then, if XI and XI. are connected 

subsets of Cl we have that e(A' x X2) = X1 x, ,Y2 is also connected. Now, by 

Lemma 1, M 2  = M l  x ,  M l .  Moreover, by Theorem 1, Ml is connected. It 

foliows: if we let X1 = XI2 = Ml, that M 2  is connected.0 

In the previous section, we established a version of the Mandelbrot set in 

dimension four. Now, we want to  give a version of the Mandelbrot set in dimension 

three using the definition for Mg. The idea here is to  preserve the Mandelbrot set 

inside M 2 .  Then, if we restict the algorithm to the points of the form a i  bil + ci2 

where a,  b, c E R, we preserve the Mandelbrot set. on two perpendicular cornplex 

planes and we stay in IR3. This is the first argument to justify the following 

definition. 

Definition 4. The "Tetrabrot" is defined as follows: 7 = { c  = ci + c2i2 E & : 
Im(c2)  = O and PCn(0) is bounded V n  E N). 

We wish to give an illustration of the Tetrabrot in p. The next result will 

give a manner to approach the Tetrabrot with the Euclidian norm in IR4. 

Theorem 3. M2 C 0 ( 0 , 2 )  C B2(0,2) where 0(0,2)  = B1(0 ,2)  x, B1(0.2). 

Moreover, the radius 2 is the best possible in each case. 

Proof. By Lemma 1, M 2  = M l  x, Ml.  Moreover, 0(0,2) = Bl(0,Z) x, 

B1 (0,2) and M i  c B1 (O, 2) with a point of Mi which touches the boundary of 



this disc (71. Then, Mî C B(0,2) and the radius 2 is the best possible. Finaly, it 

is proven in [241 that D(0,2) c B2(0, 2) with points of D(0,2) which touche the 

boundary of B2(0, 2) .O 

Then, it is possible to  compute the infinite divergence layers of the Tetrabrot 

from the number of iterations needed to have IPCn(0)I > 2. We have to remark 

here that  each divergence layer will hide the others. For example, Fig. 2 is an 

illustration for the Tetrabrot of one of its divergence layers in correspondence 

with the divergence layer illustrated in Fig. 1..4 for the Mandelbrot set. In fact, 

the Tetrabrot is inside Fig. 2. It is possible to see a part of the Tetrabrot (see Fig. 

3) if we cut a piece of Fig. 2. In Fig. 3, the colours are an illustration of the other 

divergence layers. It is also possible to compute others divergence layers (see Figs. 

4, 5 ,6 and 7). Figure 7 begins to be close to the set that we wish to approach; 

then Fig. 7 with its cut plane gives certainly a good idea of the Tetrabrot. 

To define the Tetrabrot, we have put the last coordinate in "j" equal to zero. 

In fact it is possible to do the same things if we fix the last coordinate equal to 

a nurnber different from zero. However, if we do that, we lose the beautiful sym- 

metry of the Tetrabrot. Figures 8 and 9 gives an illustration of this phenomenon 

for two different fixed "dj" with d # 0. 

An interesting exploration of the Tetrabrot is now possible. For esample 

Figure 10 is an enlargement of Fig. 7.A. It is also possible to be more specific. For 

example, Fig. 14 is an enlargement of 10.A and Figs. 11 and 12 are an enlargement 

of deep zones above the zone of Fig 7.A. Also, Fig. 13 is an enlargement of Fig 

7.B. The colour in the background of Fig. 14 has been added to give a better 

3-dimensional view. Each figure has been illustrated with a selected divergence 

layer and striations have been added to give an illustration of the "level curves" 

of each figure. 



It is now interesting to see what happens with the Julia set. First, we recail 

the definition of the 'Yilled Julia" set in the complex plane: 

Definition 5. The "filled- Julia" set is defined as follows: (c E @) 

ICc = { z  E @ : Pln(z) zs bounded Vn E N}. 

Moreover, the Julza set gC : = d K c .  

We recall also the following beautiful relationship between the Ivlandelbrot 

set and the "filled-Julia" set: 

Theorem 4. c f M * iCc 2s connected. 

It is possible to generalize the "filled-Julia" set for bicomplex numbers: 

Definition 6. The generalzzed "filled- Julia" set for bicomplex numbers 2s defined 

as follows: ( c  E &) 

K2,c = { W  E @2 : PCn(w) 2s bounded V n  E N}. 

The next lemma gives a charaterization of the "filled-Julia" set for bicomplex 

numbers in terms of the "filled-Julia" set for the complex plane. This lemma will 

be useful to give an analogue of Theorem 4 for the bicomplex numbers. 

Proof. The proof is along the same lines as the proof of the Lemma 1.0 

Theorem 5. c E M 2  @ K2,c is connected. 

Proof. B y  Lemma 2, we know that K2,c = RCI-C2iI X e  Kci+c2ii .4lsr), by the 

homeornorphism in the proof of Theorem 2, Kc,-c,ii x, Kcl+c2i,  is connected if 

and only if KcC,,-c2i, x Kcl+c2il is connected. Shen, K,, x. ICci+c2ii  is connected 



if and only if Kcl-c2il and Kc,+c2il are connected. Hence, by Theorem 4. K 2 ,  is 

connected if and only if cl - c2il, cl + c2il E Ml. Therefore, by Lemma 1, Kz,, is 

connected if and only if c = (cl - c2il)el + (cl + c2il)ez E M2.0 

1.6. THE C C F ~ ~ ~ ~ ~ - J u ~ ~ ~ "  SET FOR THE TETRABROT 

The same process as for the Tetrabrot yields a version of the Wled-Julia" set 

in IR3. We define the 'Yilled-Julia" set for the Tetrabrot. 

Definition 7. The associated 'Efilled-Julia" set for the Tetrabrot is defined as fol- 

lows: (c € &) 

L2,= = {w = w l +  w2i2 E @2 : Irn(wz) = O and PCn(w) 2s bovnded V n  E EN). 

Figure 15 is an illustration of the "filled-Julia" set for the Tetrabrot at the 

same point c = -1.754878 as the "filled-Julia" set B of Fig. 1. Hence, Fig. 15 

is a kind of generalization of the "filled- Julia" set IC, in the complex plane. In 

the same manner? Figure 16 is the generalization of Fig. 1.C: and Fig. 17 the 

generalization of Fig. 1 .D. 

In 171, L. Carleson and T. W. Gamelin have remarked this interesting fact: 

"One striking feature of M is that shapes of certain of the Julia sets Jc in dynamic 

space (z-space) are reflected in the shape (c-shape).". For the Tetrabrot, we seem 

to have something similar. For example, Fig. 18 is Fig. 17 with the same kind of 

cut as for the Tetrabrot in Fig. 7. Hence we see that inside Fig. 17 we have the 

same shape as inside the Tetrabrot near the point c = O,%. It is also possible to 

see the same phenomenon with the Wled-Julia" set of Fig. 16. This phenomenon 

has been illustrated in Fig. 19 where we have put together the border of the 

Tetrabrot and the associated L%lled-Julia" set a t  the point c = -1.16 - 0.25il on 



the border. We see clearly that  this "£illed-Julia" set imitates the border of the 

Tetrabrot. 

Finaly, in Figs. 20, 21,22 and 23 we show the "filled-Julia" set a t  c = i l  for dif- 

ferent infinite divergence layers. We remark that Fig. 23 is a good approximation 

of this set and an interesting generalization of Fig. 1.E. 

We have proved in Sec. 3 that M 2  is a connected set. It is natural to ask 

whether the Tetrabrot is also connected. Cntil now, the exploration of the Te- 

trabrot seems to confirm that the Tetrabrot is connected. However, if we enlarge 

Fig. 7 in the centre of the Tetrtabrot above the zone B, we notice (see Fig. 24.A) 

that there is a piece which seems to be disconnected from the main figure (Fig. 

25 focuses on this piece). Because we work with divergence layen and a cornputa- 

tional approximation? we are far from knowing if the piece is really unconnected 

or if there is point inside the piece which is also inside the Tetrabrot. However 

this is enough to  formulate a conjecture: 

Conjecture 1. The Tetrabrot is unconnected. 

It is possible to translate the conjecture into a question about the geometry 

of the Mandelbrot set. For this, we need to prove the following lemma which is 

itself of interest: 

Lemma 3. The  Tetrabrot can be characterized as follows: 

where rn: = sup{q E W :  3 p  E Hg such t h a t p + q i l  E Mi).  



Proof. By definition, 

= {c = cl + C& E : Im(c2) = O and Pzn(0) is bounded Vn E W}. 

Let c = (cl - c2il)el + (cl + c2il)e2 with cl = c1l + cl& and q = ql + q2il 

where cl1 , ~ 1 2 ,  ~ 2 2  E IR. NOW, if Im(c2) = 0, we have c2 = qi + Oïl and 

therefore, c = (cl - czl)el + (cl + cZ1il)e2 whenever Im(c2) = O. Hence 7 = 

{(cl - c21il)el + (cl + c2,i1)e2 : PCn(0) is bounded V n  E N) = {(cl - ql i l )e l  + 
(CI + czli 1 )e2 : PFc21il (O) and P,q",,, ,, (0) are bounded Vn. E N) .?'O continue the 

proof, we need to remark the following fact: Vz E Cl: 

{c E Cl : P;:*(O) is bounded t/n E N) = M i  - r. 

By definition, P,q"_,,,,, (O) and Pz+c,,i, (O) are bounded Vn E E if and only 

if cl - ~ ~ ~ i ~ ,  cl + calil E Ml, and by the remark, it is also if and only if cl E 

( M I  - ~ ~ 2 1 )  fl (Ml + c21il). Hence, if we express (cl - c21il)el + (cl + c21)e2 = 

cl + ~ 2 1 2 2  = cl1 + cl2il + c d 2 ,  the Tetrabrot can be characterized as follows: 

It is possible to be more precise with the last expression. In fact: 

= U {[(Mi - yi1) n (Ml +  il)] + Y ~ Z }  
YE [-mm1 

because (Ml - yil) n ( M l  + yi l )  = 0 whenever y E [-m; mlC. This cornes from 

the fact that Ml c { z  E Cl : IIm(z)l 5 m). 

Moreover, (Mi - yil) n ( M  + yil) # 0 Vy E [-m, m.]. To see this, we just have 

to prove that Ey : = { c  = cll+0il+yi2 : PCn(0) is bounded V n  E H) is nonempty 

Vy E [-m: ml because E, c { c  = cl1 + c12il + q i i 2  : Ptn(0) is bounded V n  E 

N} = {cll + cl2il + ~ 2 1 i 2  : cl1 + c12il E ( M l  - calil) n (Ml + ~ ~ ~ 2 1 ) ) .  In fact, the 



set E, is the algorithm for the Mandelbrot set iterates, with the imaginary part 

in "i2" fked a t  y .  By the compactness and the symmetry of the Mandelbrot set 

M l ,  there must exist x, such that x, - mi2, x, + mi2 E E,. Therefore, because 

Ml is connected, we must have E, # 0 Vy E [-mo ml. 

Theorem 6. Let 

where 

and 

Fs : = LS U L4 U L, 

are disjoint from the Mandelbrot set and, 



and 

t; : = -1.392873019 + 0.077172403~~ 
are inside the Mandelbrot set, t hen  the  Tetrabrot is unconnected. 

Proof. The goal of the proof is to construct, from the hypothesis about the 

Mandelbrot set: a box where the algorithm for the Tetrabrot diverges with, inside 

the box, a point where the algorithm converges. The box that we want to construct 

is a box around the piece of Fig. 23. &O, to  understand better with which zones 

we work: Fig. 26.A gives an indication where the zones of the hypothesis are on 

the Mandelbrot set (Figs. 27, 28 and 29 are enlargements of Fig. 26.A where the 

specific sets F I ,  F2, z; and z; are illustrated). 

The "box of divergence" is constructed as follows: let yl : = 0.0228 and 

y2 : = 0.0288, 

Bi : = R, + yiil - yii2 for i=1,2, 

Bi : = U (L'i - yil - yi2) for i=3, ..., 6. 
y a y 1  ,y21 

6 

Each ';Bi" is a side of the box; then the "box of divergence" is B : = U Bi. 
i= 1 

First, we have to confirm that each "Bi:' is a set where the algorithm for 

the Tetrabrot diverges. This is possible with Lernma 3 and the assumption that 

Fi U F2 is not in the Mandelbrot set. 

For BI, by Lemrna 3, we just need to prove that: 

Bl n ([(Mi - yiii) n ( M i  + ylil)] - yliz) = 0. 

This is clear because if Bl n ([(Ml - ylil) n (M + ylil)] -yl 2,) # 0, we obtain that 

there exists zl E R1 such that 21 + ylil E [(Ml - ylil) n (Ml + ylil)]. However, 

this is impossible because if zl + ylil E M i  + ylil we obtain that zl E Ml and 

this contradicts the hypothesis. 



A similar proof is possible for B2. The cases of B3, Bq and B5 are also alorig 

the same lines. For example: 

because if it is not true, there must exist y E [yl y2] and z3 E L3 such that 

z3 - y& E [(Mt - yil)  n ( M l  + yii)]. However, this is impossible because if 

z3 - yil E .MI - pil we obtain that  z3 E Ml and this contradicts the hypothesis. 

For Bo, the same argument is possible if we remark that Ls - yil c FI + pil 
VY E (91, ~ 2 1 .  

Now, ive have to confirm that each Bi is on the same box. For this, we mil1 

just remark the following fact: 

because Li-yk i l  C Rk+ykil Vi = 3, ... 6 and 'Jk = 1,2. Then each Bi, for i = 3, ... 6, 

touches B 1  and B2 at their extremity. To be more specific and to confirm that 

the Bi form a box, we have to check directely with the exact coordinates given 

in the hypothesis of the theorem. 

Finally, we have to prove, with the assumptions of the theorem, that there is 

a point inside the box B for which the algorithm for the Te t rabr~ t  converges. For 

this, we remark that 2; is between RI and R2. Moreover, Re(z;) > Re(z;)  ; then we 

must have in the set A : = {x+yil E CI : x = Re(t;) and 0.0728 < y < 0.0803} a 

point z* E Ml. If not, by hypothesis, the Mandelbrot set would not be connected 

because 2; would be separated from 2; by FI U A since (FI U 4 )  n M 1 = 0. 

Xow, let 

where z;,z* E Ml. We note that 2 ; - y 8 i 1  = r 8 + y * i i  and y* E [-1,1] c [-m,m]. 

Shen by Lemma 3, z; - y*il - y*i2 E 7 because 2; - y'il - y8i2 = r* + y*il - y*i2 E 



[(Ml - y'il) n (Ml + y*il)] - y*i2 c 7. Moreover, z; - y*il - y*i2 is inside the 

"box of divergence" because y* < y* < y2 and z; i s  inside the rectangle formed 

by L3 u L4 u L5 u &.O 



The last theorern is a good indication that the conjecture is true because the 

hypothesis about the Mandelbrot set can be approximately confirmed by compu- 

ters with a high level of precision. To confirm that the conjecture is true, we have 

two choices: to demonstrate theoretically the hypothesis about the geometry of 

the Mandelbrot set or to prove more directly that the Tetrabrot is unconnected. 

If the conjecture is proven to be true, a new question could be to know the cardi- 

nality of the family of the connected components. -41~0, it could be interesting to 

know whether the "filled-Julia" set associated with points on an unconnected piece 

of the Tetrabrot have some specific proporties such as to be also unconnected. 

Finaly, another pertinent question could be to know the local fractal dimension 

of the boundary of the Tetrabrot. 
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INTRODUCTION AU CHAPITRE 2 

Depuis la confirmation de la conjecture de Bieberbach par de Branges, un des 

plus remarquable problème ouvert en analyse complexe est de trouver la valeur 

exacte de la constante de Bloch. 

Soit H ( B )  la classe de fonctions w = f (3) holomorphes dans le disque unité 

B = { z  E C : lzl < 1). En 1925, Bloch [4] prouve le fameux théorème qui porte 

son nom: 

Théorème 1.8.1 (Bloch). Il existe une constante positive 6 tel que si f E H ( B )  

et f r (0 )  # O ,  alors f applique un certain sous-domaine de B de façon biholo- 

rnorphe à un disque de rayon b - 1 fl(0)l. 

Un tel disque est appelé un disque univalent pour f .  La constante de Bloch 

peut être décrite comme: 

/3 = inf{pf : f E H ( B )  avec f r (0 )  = 11, 

où ,Bf = sup{b : f (B) contient un disque univalent de rayon b). Dans ce deuxième 

article, nous introduisons d'autres classes d'applications et nous en trouvons une 

qui est esactement égale à la constante de Bloch classique P.  

Les estimations supérieures et inférieures suivantes pour p ont été trouvées 

par Lars .4hlfors et Grunsky 121 et Ahlfors [II: 



La conjecture actuelle est que la valeur correcte de p est précisément cette 

borne supérieure. Récemment, sur la base du travail de Bonk [6] et  du lemme de 

Schwarz-Pick, Chen Huaihui et P. M. Gauthier (81 ont amélioré la borne inférieure, 

pour la constante de Bloch, de la manière suivante: 

Passant à plusieurs variables complexes, une application holomorphe f d'un 

domaine de C dans C est dite non-dégénérée si detJf n'est pas identiquement 

zéro sur le domaine. Soit Bn, la boule unité dans P. Une application f non- 

dégénérée de Bn dans @ est dite normalisée si detJl(0) = l? où O dénote l'origine 

dans P. Pour un tel f ,  nous dénotons par f l f  le suprémum des valeurs b tel que 

l'image f (Bn) contient une boule univalente de rayon b. 

Si nous fixons K > O et considérons l'application holomorphe f : C2 + 
qui est défini par: 

Alors, f est normalisée mais f l j  = 1/\/K. Puisque K peut être choisi arbitraire- 

ment grand, nous voyons qu'il n'existe pas de théorème de Bloch pour les appli- 

cations holomorphes, lorsque n > 1. 

On pourrait argumenter que la correcte généralisation de la normalisation 

" fl(0) = 1" exemples d'applications holomorphes f ,  avec cette normalisation 

plus forte Jf(0) = I ( I  étant l'application identitée) et pour lesquels pf est 

arbitrairement petit. Un des résultats de cet article est de montrer que dans le 

cas de @, la normalisation plus forte est correcte si I'application f satisfait aux 

équations de Cauchy-Riemann complexifiées. 



,4insi7 nous voyons que pour n > 1 nous avons besoin de restreindre la 

classe des applications à une sous-classe plus spécifique pour obtenir un théo- 

rème de Bloch. Une des sous-classes bien connue, est la classe des applications 

K-quasirégulières. Pour n 2 1, dénotons par 1 1 la norme usuelle dans @. 

Définition 1.8.1 (Wu). Soit Bn la boule unité ouverte de @ et soit P : Bn + 
@ une famille d'applications holomorphes. Nous disons que F est K -quasirégulière 

si et seulement si il existe une constante K tel que, pour chaque f = (fl,. . . , jn) 

de F, 

a f ( z )  5 KI d e t ~ ~ ( z ) l " " ,  pour a = 1,. . . ,n et 'dr E Bn. lzl 
Pour une telle classe d'applications, il est possible de trouver un théorème de 

Bloch dans P. Wu a trouvé une magnifique preuve de ceci dans 1331: 

Théorème 1.8.2 (Wu, 1967). Soit 3 : Bn -+ @ une classe d'applications 

holomorphes et K-quasirégulières tel que Idet,?j(0)l =l pour tout f E F. Alors, il 

existe une constante positive c tel que toutes f E .F possèdent une boule univalente 

de  rayon c. 

Comme Wu le remarqua, ce résultat s'obtient aussi du travail de Bochner 

[5] en 1946. 11 est aussi possible de trouver des estimations inférieures pour la 

constante de Bloch pour cette classe d'applications dans [9], (291 et 1321 en adap  

tant correctement les définitions. Nous notons aussi que les estimations dépendent 

du K de la quasirégularité. 

Dans cet article, nous utilisons une généralisation commutative des nombres 

complexes appelée nombres bicomplexes ((241, 1281 et 1261) pour trouver une 

autre sous-classe d'applications qui ont une constante de Bloch dans @ . De plus, 

nous trouvons les estimations: 5 5 6 5 f i /3  pour cette constante de Bloch 6, 



lorsque nos applications sont sur la boule unité, et nous trouvons un domaine 

spécifique de û? où la constante de Bloch a la même valeur que la constante de 

Bloch d'une variable. Finalement nous montrons que cette classe d'applications 

ne dépend pas de la quasirégularité. 



Chapitre 2 

ARTICLE 2: "A BLOCH CONSTANT FOR 

HYPERHOLOMORPHIC FUNCTIONS" 

Article accepté pour publication dans la revue "Cornplex Variables".' 

Since confirmation of the Bieberbach conjecture by de Branges, perhaps the 

outstanding open problem in complex analysis is that of finding the exact value 

of the Bloch constant. 

Let H (B) be the class of functions w = f (z) holomorphic in the unit disc 

B = { z  E @ : ( z (  < 1). In 1925, Bloch (41 proved the famous theorem which bears 

his name: 

Theorem 7 (Bloch). There exists a positive constant b such that i f  f E H ( B )  

and f t (0)  # O, then f maps  some subdomain of B biholomorphically onto  a disc 

of radius b 1 ft(0)I. 

Such a disc is called a univalent disc for f .  The Bloch constant may be 

described as: 

1. Recherche supportée par le FCAR Québec. 



where pf = sup{b : f (B) contains a univalent disc of radius b). In this paper, 

we introduce Bloch constants for other classes of mappings and find one which is 

precisely equal to the classical Bloch constant B. 

The following upper and lower estimates for P were found by Lars -4hlfors 

and Grunsky [2] and Ahlfors Il]: 

It is conjectured that the correct value of B is precisely this upper bound. Recently, 

on the basis of Bonk's work [6] and the Schwarz-Pick lemma, Chen Huaihui and 

P. M. Gauthier (81 improved the lower bound for Bloch's constant further as 

follows: - 

Passing to  several cornples variables, a holomorphic mapping f from a domain 

in @L into P is said t o  be nondegenerate if detJl is not identically zero on the 

domain. Let Bn denote the open unit ball in P. -4 nondegenerate mapping f 

from Bn into P is said to be normalized if detJJ(0) = 1, where O denotes the 

origin in P. For such f we denote by ,BI the supremum of values b such that the 

image f (Bn) contains a univalent ball of radius 6. 

If we fix K > O and consider the holomorphic mapping f : (l? t C2 defined 

by 

then, f is normalized but pi = 1 1 a .  Since K can be chosen arbitrarily large, 

we see that there is no Bloch theorem for general holomorphic mappings, when 

One rnight argue that the correct generalization of the normalization " f '(O) = 

1" to  several variables is not LLdetJ f (0)  = 1". However, there are also examples 



of holomorphic mappings f ,  with the stronger normalization gf (O) = I (1 is the 

identity mapping) and for which Pf is arbitrarily small. One of the results of this 

article is to show that in the case of @ the stronger normalization is correct, if 

the mapping f satisfies the complexified Cauchy-Riemann equations. 

Thus: we see that for n > 1 we need to  restrict the class of mappings to a more 

specific subclass to obtain a Bloch theorem. One of the well known subclasses is 

the class of K-quasiregular mappings. For n 2 1, let 1 1 denote the usual norm in 

P. 

Definition 8 (Wu). Let B" be the open unit ball of @ and let 3 : Bn -+ C 

be a jarnily of holornorphic mappings. We say 3 is K-quasiregular iff there exists a 

constant K so that, for each f = (fi, . . . , f,) of 3, the following holds throughout 

B", 

For such a class of mappings, it is possible to find a Bloch theorem in P. 

Wu found a beautiful proof of this in 1331: 

Theorem 8 (Wu, 1967). Let 3 : Bn -.+ C" be a K-quasiregular famdy of 

holomorphic m,appings svch that Idetgf (0)l =l for al1 f E 7. Then, there i s  a 

positive constant c such that every f E F possesses a univalent bal1 of radius c. 

-4s Wu pointed out, this result also follows frorn the work of Bochner [5]  in 

1946. I t  is possible to find lower estimates for the Bloch constant for this class 

of mappings in 191, 1291 and 1321 provided we adapt correctly the definitions. We 

note also that the estimates depend on the K of quasiregularity. 

In this article, we use a generalization of complex numbers called bicomplex 

numbers ((241, [28],  (261) to find another subclass of mappings which has a Bloch 



constant in @. Moreover, we find the estimates: 5 < d 5 f i ~  for this Bloch 

constant 6, whenever Our mappings are on the unit ball, and we find a specific 

domain of @2 where the Bloch constant has the same value as the Bloch constant 

for one variable. FinalIy we show that this class of mappings does not depend on 

the quasiregularity. 

Here: we introduce some of the basic results of the theory of bicomplex num- 

bers. First, we define bicomplex numbers as follo~vs: (& : = {a + bil + ci2 + dj : 
. . - il2 = i2' = -1, j2 = 1 and i 2 j  = ji2 = -il' 213 - jil = -i2, i2il = ili2 = j} 

where a, b, c, d E R The norm used on (& is the Euclidean norm (also noted 1 1) 
of R4. 

We remark that we can write a bicomplex number a + bil + ci2 + dj as 

( a  + bil) + (c + dil)i2 = ri + z2i2 where z1, z2 E Cl : = {x + vil : il2 = -1}. 

Thus, (& can be veiwed as the complexification of Cl and a bicomplex number 

can be seen as an element of @. It is easy to see [24] that @? is a commutative 

unitary ring with the following characterization for the noninvertible elements: 

Proposition 2. Let w = a + bil t ci2 t dj E @2. Then w is noninvertible i$ 

( a  = -d and b = c )  or ( a  = d and b = -c) iff zI2 + q2 = 0. 

It is also possible to define differentiability of a function at a point of 1241: 

Definition 9. Let U be an  open set o f Q  and wo E U .  Then, J : ù' + @2 

is said to be & -diflerentiable at wo vith derivative equal t o  f ' (uto) E if 

lim - 
U'+W0 

(w-wg inv . )  
w - wo 



We will also say that the function f is G-holomorphic on an open set Lj  iff 

f is Q-differentiable at  each point of U. 

As we saw. a bicomplex number can be seen as an element of @ so a function 

f (31 + z 2 4  = fi  (zlr z2) + f2 (zl, z2) i2  of C& can be seen as a mapping f ( r i ,  z2) = 

( f (z1 : z2), f2 (zl ? 4) of Q? . Here we have a characterization of such mappings: 

Theorem 9. Let Li be an  open set and f : U Q --+ Q such that f E C1(U). 

Let also f (zl + i2i2) = fi  (zt, z2) + f2(z1, z2)i2. Then f is @2 -holomorphic o n  U 

28: 

fi and fi are holomorphic in zl and 22 

and, 

afl 3 f 2  -=-  af2 - 3fl and -- -- on U. az1 az2 azl a%2 

This theorem can be obtained from results in (241 and (261. Moreover, by the 

Hartogs theorem [31], it is possible to show that " f E C1(U)'' can be dropped 

from the hypotheses. Now, it is natural to define for C2 the following class of 

mappings introduced in 1261: 

Definition 10. The class of T-holomorphic mappings o n  a open set U C @2 is 

defined as follows: 

3fl 3f? af2 afl T H ( U )  : ={f:UC d + @ * I f  E HP) and - = - - = -- o n  U ) .  az, az2 a ~ ,  3z2 

I t  zs the subclass of holornorphic mappings of @ satisfying the complexijied 

Cauchy- Riemann equations. 



In [26], bicomplex numbers were called tetranumbers and @2 was denoted 

by If. In this article, we will use this notation when a definition can be written 

independently of the theory of bicomplex numbers . 

We remark that f E T H ( U )  iff f is C&holomorphic on U. It is ako impor- 

tant to know tha t  every bicomplex number zl + t2i7 has the  fo1Iowing unique 

idempotent representation: 

i-j where el = 2 and e2 = . 

This representation is very useful because: addition, multiplication and di- 

vision can be done terrn-by-term. ,41so, an element will be noninvertible iff zl - 
z2il = O or z1 + z2il = 0. 

The notion of holomorphicity can also be seen with this kind of notation. For 

this we need to define the functions hl, hn : (& + Cl as hi (zi + 2 2 4  = zl - z2il 

and h 2 ( q  + z2i2) = LI + z&. -41~0, we need the following definition: 

Definition 11. We say that X C @2 is a @2 -cartesian set detemined b y X'l and 

X Î  2f.X = X1 X e X 2  : = {z1 +z2i2 E @2 : 21 + ~ 2 i 2  = wlel + w ~ ~ ~ , ( w I : w Î )  E 

X l  x X 2 ) .  

In [24] it is shown that if XI and X 2  are domains of Cl then X1 x e  X 2  is also 

a domain of &. Now, it is possible to state the following striking theorems 1241: 

Theorem 10. If fel : XI + Cl and fea : X1 + Cl are holomorphic functions 

of Cl on the domains Xi and X2 respectzvely, then the function f : XI x ,  Ar2 i 

defined as 

is @2-holomorphic o n  the domain Xl x, X2.  



Theorem Il. Let X be a domain in G,  and let f : X --+ @2 be a @2- 

holornorphic function on X. Then there ezist holornorphic functions fe l  : X1 + 
Cl and fc2 : X2 + Cl with Xi = h i ( X )  and X2 = h 2 ( X ) ,  such that: 

We note here that  XI and X2 will also be domains of Cl. 

Finally we give some concrete simple examples of entire T-holomorphic map- 

pings which corne from the bicomplex t heory. First - the exponential mapping 

defined as: 

with eW1+'? = eW1 eW?, V wl, u i 2  E @2 and (eW)' = ew , V w E @2. Secondly, the 

polynomials of degree n, with bicomplex multiplication, defined as: 

with a, C& for i = 1, ..., n and w E G. We note that the derivative will be what 

we expect for polynomials. 

2.3. BLOCH CONSTANT FOR 'ii'-HOLOMORPHIC MAPPINGS 

Now we are ready to prove that there is a Bloch constant for the class of 

If-holomorphic mapping of C? on the unit Ball. The proof requires the natural 

"disc" of (C? called the @2-disc and defined as foilows: D(al + a2i2, rl , r2 )  : = 

{ z l  + z2i2 : z1 + 2222 = wlei + w2e2, Iwl - (ai - ani l )  [ < r i ,  Iw2 - (a l  + a2il)l < r 2 } .  

Also, we cal1 D(al  + a2i2, r )  : = D(ai + a2i2, r ,  r )  the G-disc of radius r. This 



kind of disc is in fact the @2-cartesian product of two discs of CI. Also, we need 

to  remark that: f'(0) = 1 iff gf(0) = 1 (the identity matrix). 

Theorem 12. There zs a positive constant d such that 2f f E T H ( B 2 )  wzth 

f '(O) E Cl \{O), then f rnaps s o m e  subdomain of B2 biholomorphically onto a ball 

of radius d - [ f '(O) 1. In particular, if zf (0)  = II ,  the radius 2s d. 

Proof. We note first that D : = D(0 , l )  E B2(0, 1) [24]. In particular 

f E T H ( D )  and thus by Theorem 11, we can write f = felel + fe2e2 on D 

with fei holomorphic on Di where Di:=hi(D)={wi E Cl :lwil < 1) for i = 1; 2. 

.%O, f '(O)= f:, @)el + fé,(0)ez 124, Theorem 24.31 and then f'(0) invertible im- 

plies f:,(O) # O and fé2(0) # O. Then, by the Bloch theorem in one variable, 

there exists a positive constant b such that Ai maps some subdomain Gi of Di 

biholomorphically onto a disc Bi (ci b 1 féi (O) 1 ) .  
Xow: define 

In fact, G = G1 x .  G2 is a domain of (& and G 5 D(071) B2(0, 1). Then, 

f = feiei + fe2e2, with fei : Gi -t Bi(s, b .  [fLi(0)() biholomorphic for i = 1'2.  

Let c :  = clel + c2e2, then 

is dbiholomorphic. By a result in (241, B2(c, min(%, 3)) D(c, T I ,  r2) and so 

B2(c,min(b. a , b .   if^")) c D(c, b *  Ifil (O) l 7  b 1 fla(0) 1 ) .  Thus, for the domain 

the function f is T-biholomorphic from G' 5 B2(0, 1) to  a ball of center c and of 

radius equal to b mwlf:, (o)l9lfé2lo)l) 
A 



Finally, we remark that f '(O) E Ci \{O) implies f:, (O) = f:, (O). Shen, d . 
l i '  (o)12+lf;*(o)l= 1 f '(O) 1 = b. m i n ( l f L ( o ) ' 1 1 f : 2 ( o M  if and only if d = because 1 f '(0) 1 = [ , fi 

] "' .a 

We have just seen that there exists a Bloch constant for the class of L 

holomorphic mappings with &(O) = I on the unit bal1 and now we wish to 

estimate this Bloch constant. For this, we need first to work on the natural unit 

disc: D (O, 1) , of bicomplex numbers. 

Theorem 13. Let f E TH(D) with f ' ( O )  E Cl \{O). Then there is a positive 

constant a such that f maps some subdomain of D biholomorphical2y onto a G -  

disc of radius a 1 f '(0) 1 . In particular, i f  Jj ( 0 )  = 1, the m d i w  is a. 

Proof. The proof is contained in the proof of Theorem 12.0 

On this speciai domain of Q, it is possible to find the exact value of the 

Bloch constant. For this, we need to prove the following lemma, which is itself of 

interest: 

Lemma 4. Let f : U + @2 be a T-holomorphic injection with LT open, then f 

is  a T-biholomorphic mapping from Ci to f ( U )  . 

Proof. Because f is a holomorphic injection, we know [ Z l l  that f ( U )  is open 

in C2, that f is a biholomorphic mapping from U to f (U): and det&(z) # O' 
V t  E U. Thus f'(z) will be an invertible number Vz E U. 

Now, we want to prove that: 

lim 
w+wo 

- ( )  - l w o  erists: ywo E f ( ~ i ) .  
(w-wo inv . )  

'W - wo 

Let r = f-'(w) and zo = f-'(wo). Then for w - wo invertible we obtain: 
f - ' (w) - f  -'(wo) , - z-zo 

w-wo f ( = ) - f  (20) ' Also, because f E T H ( U )  and f ' ( zo )  invertible we 



have: (f (2) - f ( z o ) ) / ( z  - zo) is invertible for z near zo and 

lim 
.h A =- ezists? Vzo E U. 

2-20 

1 -- Thus, VE > O, there evists di > O such that 1 I(i;& 
f,(ro l  

Iz - roi < b1 and z - zo is invertible. Choose 6 > O such that Jw - 

1 < $: whenever 

wo 1 < d implies 

whenever lw - wol < 6 and both w - wo and z - 20 are invertible. If Iw - wol < d' 

and w - wo invertible but z - zo is not, there always exists E' > O such that 

( z  -k ) - z < hl: both ( z  + s') - 20 and f ( z  + sr) - f ( 2 0 )  are invertible and 
: -Z 1 -- f - f  - (z+eJ)-20 ( = C c 1  ) - 20 1 1 f ( z ) - ; z o )  f l ( z o )  1 5 1 f ( z ) - ;*o)  f ( z+c l ) -  f ( z 0 )  1 + 1 f ( ~ + ~ J ] - ~ ( f o )  - ml < 5 + 5 -  

Thus, [w - wo[ < 6 and w - wo invertible implies (2.3.2.3.2). This concludes the 

proof. 

It is now possible to describe the exact value of the Bloch constant for the 

class of T-holomorphic mappings with Jf (0) = 1 on the unit G-disc. In fact, it 

turns out, that it coincides precisely with the classical Bloch constant. 

Notation 1. a : = inf{af  : f E T H ( D ( 0 , I ) )  with gf(0) = I ) ,  

c q  : = sup{a : f (D(0:  1 ) )  contains a univalent @z - d i x  of radius a) :  

Theorem 14. 

0 = P7 

where 0 is the Bloch constant of one variable. 

Proof. Again, let f : = feiei + fe2ez on D with fei holomorphic on Di where 

Di:=hi(D)={wi E Ci:lwil < 1 )  for i= l ,  2. Moreover, suppose fA(0) = 1 for i=l ,  

2; then, by the definition of the Bloch constant for one variable, VE. > O there 



exists a univalent disc of radius c, for fel and fe2 such that c, > - E .  Hence, 

Qf E TH(L))  with Z f ( 0 )  = 1. q 2 ,O - e \JE > O and thus cu 2 P.  
&O, we know by 1301 that there exists g E H ( B )  such that: 

g'(0) = 1 and ,Bg = 8. 

Let us now define: 

Then, fi(%Q) = 
g(z1 -z2il)+g(zl +z2i l )  

and f 2 ( ~ 1 i  I) = 
g(ii -z2il)-g(zi+z2ii) 

2 2 il so by 
Theorern 10 and the remark after Theorem 9, f E TH (D) with f ' ( O )  = 1. We 

wvarit to show that for this f ,  ai 5 p. I f  not, Le. al  > ,O, then f (D(0,  1)) contains 

a univalent G-disc of radius c' such that cf > p. Thus f maps a subdomain 

G C D(O.1) biholomorphically onto a G-disc of radius c'. But f E T X ( D ( 0 .  l)), 

so by Lemma 4: 

This is a contradiction because Theorem 11 applied to f and f -' forces g to map 

the subdomain hi(G) E B biholomorphically ont0 a disc of radius cf for i = 1,2-• 

The follomings definitions are used to prove the main result of this article: 

Definition 12. We say that f has a T-univalent ball if f has a T-biholomorphic 

univalent bdl. 

Notation 2. 6 : = in f {af : f E TH(B2(0 ,  1)) with (O) = I ) ,  
bl : = sup{d : f (B2 (0 , l ) )  contains a univalent ball of radias d), 

6' : = i n f { S >  : f E TH(B2(0, 1 ) )  with & ( O )  = I } .  

6; : = sup{d : f ( B ~  (0, l))  contains a T-univalent balE of radius d } ?  



It is now possible to find the following estimates for oiir Bloch constant on 

the unit ball: 

Theorem 15. 

where ,LI zs the Bloch constant of one variable. 

Proof. First we prove that 5 5 6' 5 6. Suppose f E T H ( B 2 ( 0 ,  1)) with 

Jf(0) = I .  By the proof of Theorem 12, for every b < ,B, f(B2(0, 1)) contains' in 

fact, a T-univalent ball of radius d = 5. In fact, Ve > O there is a b, such that 

b, 3 p - E ,  so setting d, = 3, we have d, 2 - which implies 6; 2 8-' VE > O fi J Z 7  
and thus 

Hence 5 5 inf 6; : = 6'. Finally, because a T-univalent ball for f is a univalent 

ball, we have 6; 5 6, and then 6 5 6. In fact, by Lemma 4 we have 6 = 6'. 

The second part of the proof is to prove that 6 4 &p. We will prove this by 

contradiction. Suppose that there exists E > O such that 6 >  fi(^ + c) . Then 

where THN(B2(0, 1)) : = { f E TX(B2(0, 1)) such that Jf (0) = 1). Hence, 

Vf E TH.v(B~(o ,  1)) there exists, cl such that cl > &(D + E) and f maps a 

subdomain M of BZ(O, 1) biholomorphically ont0 B2 (wj, cf ), a ball centered a t  

W J  of radius c ~ .  

However, by Theorem 14, we know that V E  > O ~ h e r e  exists g E THN(D(O,  1)) 

such that g (D(0 , l ) )  cannot contain a univalent &-disc of radius T > ,B + E .  Also 

B2(0, $) E D(O,1), so g E THN(B*(o,  5)). Let us define: 



Then g*(w) E T H N ( B 2 ( 0 ,  1 ) ) .  Hence, there exists cg- such that cg- > &(,fi + E )  

and g* maps a subdomain W of B2 (O, 1) biholomorphically ont0 B2 (w,- Y cg- ) . 

Then, g maps the subdomain 5 bihholomorphically onto ~ ~ ( 3 ,  3). But 
%Cg. ~ ( 3 ~ 3 )  2 B2( JZ Y fi)y so g maps, biholomorphically 

?us- Cg' ws- Cg' 
g- l (D(z ,  $1 ont0 w- -)- Jz' JZ 

This contradicts the way in which g was chosen because g - ' ( ~ ( " ,  3)) 5 
D ( 0 , l )  with 3 > p + 6.0 

2.4. T-HOLOMORPHY AND QUASIREGULARITY 

-4s we saw in the introduction, there is a Bloch theorem for K-quasiregular 

mappings. Then, to  justi& our Bloch theorem on the unit ball, we need to 

prove that the new ciass of mappings is not totally included in the class of K- 

quasiregular mappings. 

First, with Definition 8 it is easy to show the following characterization: 

Remark 1. If f E TH1 

1 * 

The following examples will clearly show that  a T-holomorphic mapping is 

not necessarily quasiregular. 

Example 1. Let f (w) = IL-w! where u and w are in @2. If u $ O is  noninuertible 

then, f i s  not quasiregular. If IL 2s invertible, then f is K-quasitegular for  



where u = ILI + u2i2. In particular, zf u E Cl, then f is  conformal. However, 

we note in this example, that f : + @ is a linear transformation which is  

nondegenerate if and only i f  u is inuertible. 

In fact, any injective holomorphic mapping of the closed bal1 B2 into C is K- 

quasiregular for some K, but i t  is interesting to estimate K. In the last example, 

it is important to specify that f is clearly an entire T-holomorphic rnapping and 

that the multiplication is the multiplication between bicomplex numbers. The 

next examples will show that there exist some nontrivial mappings which are 

simultaneously quasiregular and ïï-holomorphic wit h JI (0) = 1. 

Example 2. If f (tu) = eW then f i s  K-quaszregdar on B2 iff K 2 Jcosh(2j. 
Moreover, because (eu')tl,,o = eo = 1, we have g e w  (0)  = 1. 

Proof. Let fel and f e z  be holomorphic functions on Cl. Then we know that  

is T-holomorphic with f t ( z l  + ai2) = fLl(zl - z2il)e1 + f12(zl + z2il)e2. First, we 

seek conditions on f,& and fk such that  f is K-quasiregular. By Remark 1 it is 

easy to  show that f  is. K-quasiregular on B2 iff 

on B2, that is 



Let 22 = x + yil. Then: because zl + z2i2 E B2, we have that lyl < 1. Moreover, 
e'+e-2 

sup {eZY + e-2y) = e2 + ë2 and then K 2 dT! i.e. K 2 ,/cosh(Zj.a 
{ lYl<l )  

In Example 2, because ft(0) = 1, we know by Theorem 12 that df 2 d. Since 

the mapping f is K-quasiregular, we already h o w  that 6, 2 c~ by Theorem 

8. However, Theorems 8 and 12 merely assert the existence of the constants c~ 

and d without giving any estimates for these constants. From Theorem 15, on the 

other hand, we have an interesting lower estimate 6, 2 6 2 $/fi, by invoking 

lower estimates on the classical Bloch constant @ [8]. One can also give lower 

estimates for the Bloch constant for K-quasiregular holomorphic mappings [9]. 

The next example is a mapping f for which df 2 d by Theorern 12, but for 

which it is impossible to invoke Theorem 8. 

Example 3. If f (w) = w + ";1 then f is an entire T-holomorphic (nonal i zed)  

mapping,  but for al1 K is not K-quasiregular. 

Proof. The function f is normalized because f t (w)  = 1 +w and then f '(O) = 1. 

-41~0, wo = - 1/2 + 1 /2 j  is in B2 with f '(wO) = 112 + 1 / 2 j  which is noninvertible. 

Hence f cannot satisfy the criteria of Remark 1 at wo and then for al1 K, f 

cannot be K-quasiregular. Actually, quasiregular holomorphic mappings in C2 

are necessarily locally injective hence locally quasiconformal, but we wished to 

avoid invoking this rather deep theorem (see [12]).0 



New-, we show that our class of mappings includes some K-quasirewlar map- 

pings for arbitrary values of K. Then, Theorems 12 and 13 give geometric infor- 

mation about K-quasiregular mappings for a subclass including different values 

of K. 

- : 2 i l )  Example 4. If f (zl + z2i2) = ( ) el + ( z l  + q i l ) e z ,  then f is an en- 

tire T-holornorphic (normalized) mapping which is K-quasiregular in  B2 with K 

becoming necessarily bigger as n increases. 

Proof. First, we see that f is normalized because fil(O) = en' = 1 and 

f&(z1+z2il) = l i  i.e. f ' (0)  = lel+le2 = 1. .&O, by (2.4.2.4.1) f is K-quasiregular 

on ~2 iff len(=l-Wi * ) 12 + 1 5 2~21~n(sl- '2ii)  1 on B2. Then, we m u t  have 

' + l en ( z l  - ~ 2 2 1 )  
len(=l-=211 )l I 

However. sup / - - - - 
{w f B' ) 2 2 

1 + e n ( d + d ' )  
, p ( a l + d '  1 

9 
where a' + d' can be taken to be positive. Finally we see 

that the last expression goes to infinity as n + m.17 

Finally, we give an exampie of a mapping which is T-holomorphic and biholo- 

morphic without being quasiregular on the unit ball of @?. In fact, we show that 

the class of T-biholomorphic mappings cannot be totaly included in the class of 

quasiconformal mappings on the unit ball. 

Example 5. If f (q + z2i2) = (- -12i1)2 2Ji + (z' - z&) )  el + (zl + ;&)en then 

f is an  entire T-holomorphic (nonnalized) mapping which is biholomorphic but 

not quasiregular on  the unit ball of c. 



Proof. Because fli is nonzero on hi (D(0, a)) for i = 1 , 2  ana B2 (0 , l )  

D(0, fi), then f is T-biholomorphic on B2. However, f cannot be K-quasiregular 

on B2 because the relationship (2.4.2.4.1) will fail for al1 K as z, - z2il + fi 
with zi - z2i1 E B2.0 

2.5. FINAL REMARKS 

It is then interesting to  ask whether the sarne is possible in the case of T- 

holomorphic mappings in C?. However, here rve can directly find a Picard theorem 

without invoking our Bloch theorem. 

Theorem 16 (Picard). Let f E T H ( @ ) .  If there are two bicomplez nurnbers 

a: /3 such that a - ,B is invertible and for which the set 

{w E @? : w - CL is noninvertible) u {w E @z : w - P 2s noninvertible} 

is not in the range off, then f is  constant. 

Proof. We have just to apply the so-called "little Picard theorem" (271 to f e l  

and fe2.  The fact that a - 0 is invertible will insure us that  a - P will be equal 

to  a bicomplex number s ie l  + s2e2 with sl and s2 nonzero. Let û. = a l e l  + û2e2, 

,8 = Plel + P2e2. Suppose hl takes the value cyl at  al. There esist 21, z2 E (Cl 

such that zl - z2il = al. Thus, 

f (ti + z2i2) E {W E (& : IL' - û. is noninvertible). 

Contradiction. Hence, fel omits al. Similarly, fe2 omits az, fel omits $1 and fe2 

omits A. Since CLI - Pl = SI # 0,  al and Pl are distinct. SimiIarIy CL* # &.O 

In the same way, it is possible to find also a Casorati-Weierstrass theorem: 

Theorem 17 (Casorati-Weierstrass). Let f E TH(C?-) with f'(w) not  iden- 

tically noninvertible. Then, f (<C) is dense in @ . 



Proof. The hypotheses irnply that we can write f (zi +z2i2) = fel (zl - z2il)el + 
fe2(z1 + z2il)e2 with Al, fe2 E H ( C i )  and nonconstant. Then we can apply the 

Casorati-Weierstrass theorem for Cl to fel and fe2 in order to prove that  f (G) 

is dense in (& .= 
4 famous example of Fatou and Bieberbach (see 1201) shows that the usual 

formulation of the Picard theorem in @ does not extend to holomorphic mappinps 

in @'. 

In this connection, we have some interesting consequences of Theorem 17 

which can be interpreted as an other kind of little Picard theorem for bicomplex 

numbers: 

Corollary 1. There is no  nondegenerate T-holomorphic mapping 

such that C? \ f (c) contains a ball. 

Corollary 2. Fatou-Bieberbach examples cannot be T-holomorphic mappings, i. e. 

they connot satisfy the cornplexified Cauchy-Riemann equations. 

For a beautiful formulation of Picard's theorem which holds in higher dimen- 

sions, see 1141. Also, for a version of Picard% theorem for quasiregular mappings 

see Rickman 1221. 
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CONCLUSION 

Dans le cas de notre théorème de Bloch sur la boule unité, il serait intéressant 

de tenter d'obtenir la véritable valeur de la constante. Il est à noter que nos 

estimations actuelles ne contredisent pas la possibilité que la valeur soit la même 

que la constante de Bloch d'une variable complexe. 

Le dernier théorème dans l'article sur la dynamique bicornplese est une bonne 

indication que le tétrabrot est non-connexe car les hypothèses sur l'ensemble. 

de Mandelbrot peuvent être confirmées par ordinateur avec un haut degré de 

précision. Pour confirmer que la conjecture est vraie: nous avons deux choix, soit 

de démontrer théoriquement les hypothèses sur la géométrie de l'ensemble de 

Mandelbrot ou de prouver plus directement que le tétrabrot est non-connexe. Si 

la conjecture est prouvée comme étant vraie, une nouvelle question pourrait être 

de savoir la cardinalité de la famille des composantes connexes. -4ussi, il pourrait 

être intéressant de savoir si les ensembles de "Julia-rempli" associés à des points 

sur des morceau non-connexes du tétrabrot ont des propriétés spécifiques comme 

celles d'être non-connexes. Finalement, une autre question pertinente serait de 

savoir la dimension fractale locale de la frontière de tétrabrot. 
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'FIGURE 2 (V" Basic 1024x768 24 bpp) 

DeiDbl A-Z 

Private Sub Command 1 -Click() 
ScaleMode = vbPixels 
mx, y, 5 c, ck xl, YI, zl7 n 
Dim col As Long 
For z = 1 To (2 (700)) 

For x = 1 To 800 
For y = 1 To 720 

n = 300 
xl =(x/n)-2.1:yl  = b / n )  - 1.2: zI =((z /2) /n)  - 1.16 
ck = check(x1, yl, zl) 

I f (x  Mod 8 = O) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(0, 0, 150) 
Else col = RGEi((z 1 2) / 2, (z / 2) / 2, z) 

If ck >= 5 Then 
PSet (x + Fix((z / 2)  / 2 5 )  - 230, y i Fix((z / 2)  / 18) - 1 O), col 

End if 

N ~ Y  
Nat  x 

Next z 
End Sub 

Function check(= As Double, cy As Double, cc As Double) As Integer 
Dim zx, zy, ml, zyl, zcl, zdl, zc, zd, cd, i 
z x = O : z y = O : z c = O : z d = O :  i=l:cd=O 
DoWIiilei<6 

ml = (M * ZX) - (ZY * ZY) + (zd * Zd) - (ZC * ZC) f CX 

z y Z = 2 * z x * z y - 2 * z c * z d + c y  
Z C ~ = ~ * Z X * Z C - ~ * ~ ~ * Z ~ + C C  

zdl=2*zx*zd+2*q*zc+cd 
zx = zxl: zy = zyl: zc = zcl: zd = zdl 

If((= * zx) + (q * zy) + (ZC * ZC) + (zd * A)) > 4  Then check =i: i = 6 
i = i + l  

Loop 
End Funnion 

Private Sub Command2-Click() 
Unload Me 
End Sub 



'FIGURE 3 (Visual Basic) 

Private Sub Cornmandl-Click() 
ScaleMode = vbPixels 
Dim K y, z, c, c k  XI, yl, ZL n 
Dm col As Long 
For z = 1 To (2 (454)) 

For x = 1 To 800 
For y = 1 To 720 

n = 300 
xi =(x/n)-2.1:  y1 =&ln)- 1.2: zl =((z/2)1n)-  1.16 
ck = check(x1, yl, zl) 

If(xMod8=0)Or(xMod8= 1) Or(xMod8=2)Thencol=RGB(O, 0, 150) 
Else col = RGB((z / 2)  / 2, (z / 2) / 2, z) 

Ifz = (2 * 454) Then 
If ck >= 5 And ck < 7 Then col = RGBf O, 0, 128) 
Ifck >= 7 And ck < 9 Then col = RGB(255, 120,O) 
If ck >= 9 And ck < 1 1 Then col = RGB(25 5,0 ,0 )  
If ck >= 1 1 And ck < 13 Then col = RGB(300,600,50) 
If ck >= 13 And ck < 17 Then col = RGB(lSO,O, 300) 
Xf ck >= 17 And ck < 22 Then col = RGB(150,200,50) 
If ck >= 22 Then COI = RGB(l50, O, O) 

End If 

Ifck >= 5 Then 
PSet (x + Fix((z / 2) / 1.5) - 230, y + Fix((z / 2 )  / 18) - 1 O), col 

End If 

Nm Y 
Xext x 

Next z 
End Sub 

Function check(cx As Doubie, cy As Double, cc As Double) -4s Integer 
Dim zx, ty,  ml, zyl, zcl, zdl, zc, zd, cd, i 
zx = O: zy =O: u: = O: zd =O: i = 1: v =O: cd = O  
D o  While i < 130 

ml = (zx * ZX) - (zy * ty )  + (zd * zd) - (zc * ZC) + cx 
zyl = 2  * a r * z y - 2 * z c * z d + c y  
zc1 = 2  * z x * z c - 2 * z y * z d + c c  
z ù l = 2 * z x * z d + 2 * z y * z c + c d  
Z X = M ~ :  zy=zyl: tc =zcl: zd=zdl 

If ((zx * a) + (y * zy) t (zc * zc) + (zd * zd)) > 4 Then check = i: i = 130 
i = i 4  1 

b o p  
End Function 

Private Sub Comm~ind2-Click() 
Unload Me 
End Sub 



'FIGURE 4 ( V i d  Basic) 

Private Sub Comrnand 1 -Click0 
ScaleMode = VbPixels 
D h x ,  y, 5 c, ck, xl, yl, 21, n 
Dim col As Long 
For z = 1 To (2 * (454)) 

F o r x = l  To800 
For y = 1 To 720 

n = 300 
xl=(x/n)-2,l:yl=(y/n)- 1.2:zl=((z/2)/n)-1.16 
ck = check(x1, YI, zl) 

If(xMod 8=O)Or(xMod8= l)Or(xMod 8=2)Thencol=RGB(O, O, 150) 
Else col = RGB((z 1 2) / 2, (z / 2) / 2, z) 

Ifz = (2 * 454) Then 
If ck >= 7 And ck < 9 Then col = RGB(255,120,0) 
If ck >= 9 And ck < 1 1 Then coi = RGB(255,0,0) 
If ck >= 1 1 And ck < 13 Then col = RGB(300,600,50) 
Eck >= 13 And ck < 17 Then col = RGB(150,0,300) 
If ck >= 17 And ck < 22 n i e n  col = RGB(I50,200, 50) 
Lf ck >= 22 Then col = RGB(150, O, 0) 

End If 

If ck >= 7 Then 
PSet (x + Fix((z / 2) 1 1.5) - 230, y -i- k ( ( z  / 2) / 18) - 1 O), col 

End If 

'Na Y 
Next x 

Next z 
End Sub 

Function cbeck(cx As Double, cy As Double, cc As Double) As hteger 
Dim zx, zy, zxl, zyl, zcl, dl, zc, zd, cd, i 
==O: zy=O:zc=O: zd=O:i= l:cd=O 
Do W e i <  130 

or1 = (zx * ZX) - (zy * zy) + (zd * zd) - (ZC * ZC) t- cx 
z y ~ = 2 * z x * z y - 2 * z c * z d - t . q  
z c 1 = 2 * ~ * ~ ~ - 2 * z y * Z d + c c  
zdl=S*ar*zd+2*zy*zc+cd 
zx=zxl: zy=zyl:  zc=zcl: zd=zdl 

If ((nt * zx) + (zy * zy) + (zc * zc) + (zd * id)) > 4 Then check = i: i = .130 
i=i+l 

h o p  
End Function 

Private Sub Com~nand2-Click0 
Unload M e  
End Sub 



FIGURE 5 (Visual Basic) 

Private Sub Command 1 -Click() 
ScaleMode = vbPils 
Dhx, Y, z, c, ck, xl, Y l ,  21, n 
Dm col As Long 
For z = 1 To (2 (445)) 

For x = I To 800 
For y = 1 To 720 

n = 300 
x l  =(x /n)-2 .1:y l=(y/n)-  1.2:zl = ( (z /2 ) /n ) -  1.13 
ck = check(x1, yl, zl) 

If (X Mod 8 = O) Or (x Mod 8 = 1) Or (x Mod 8 = 2)  Then col = RGB(0, 0, 150) 
Else cd = RGB((z / 2) / 2, (z 1 2) / 2, z) 

If z = (2 * 445) Thm 
If ck >= 8 And ck < 9 Then col = RGB(255,120,0) 
If ck >= 9 And ck < 1 1 Then col = RGB(255,0,0) 
Ifck >= 11 And ck < 13 Then col = RGB(300,600, 50) 
If ck >= 13 And ck < 17 Then col = RGB(150,0,300) 
If ck >= 17 And ck < 22 Then col = RGB(150,200, 50) 
If ck >= 22 Then col = RGB(lS0, O, 0) 

End If 

Eck >= 8 Then 
PSeî (x + Fix({z / 2) / 1 S) - 230, y i- Fii((z / 2) 1 18) - 1 O), col 

End If 

N ~ Y  
Next x 

Next z 
End Sub 

Function check(cx As Double, cy As Double, cc As Double) As Integer 
Dim tx, zy, wd,  zyl, zcl, zdl, zc, zd, cd. i 
z = O : z y = O :  zc=O:Zd=O:i=l:cd=O 
Do While i < 130 

PCI = (M * m) - (ty * ZY) + (Zd * Zd) - (ZC * ZC) + CX 

zyl = S * z X * z y - 2 * z c * z d + c y  
zc1 = 2 * z x 8 z c - S * z y * z d + c c  
z d l = 2 * p c * z d + 2 * z y * z c + ç d  
= = a l :  zy=zyl: zc=zcl: zd=zdl 

If ((a ZX) + (zy * zy) + ( z ~  * ZC) + (zd * zd)) > 4 Then check = i: i = 130 
j = i + l  

b o p  
End Function 

Private Sub Cornniand:!-Click() 
Unload M e  
End Sub 



M b l  A-Z 

Private Sub Cornniand 1-Click0 
ScaieMode = vbPixeis 
D i .  x, Y, 2, c, ck xl, yl, 21, n 
Dim col As Long 
For z = 1 To (2 * (445)) 

Forx= 1 To 800 
For y = 1 To 700 

n=300 
xi = ( x i / )  -2.1: y1 =(y/n)- 1.2: zl =( (z /2) /n)-  1.13 
ck = check(x1, yl, zl)  

If (x Mod 8 = O) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(0, 0, 150) 
Else col = RGB((z / 2) / 2, (z / 2 )  / 2, z) 

If ck >= 10 And ck c 11 Then col = RGB(255,0, 0) 
If ck >= 1 1 And ck < 13 Then coi = RGB(300,600,50) 
Eck >= 13 And ck C 17 Then col = RGB(IS0, O, 300) 
lf ck >= 17 And ck < 22 Then col = RGB(ISO,200, 50) 
If ck >= 22 Then col = RGB(l50, O, 0) 

End If 

PSet (x +- Fix((z / 2) / 1.5) - 230, y + Fix((z / 2) / 1 8) - 1 O), col 
End If 

Next y 
Next x 

Next z 
End Sub 

Funmion check(= As Double, cy As Double, cc As Double) As lnteger 
Dim zx, zy, MI, zyl, zcl, zdl, zc, rd, cd, i 
ar=O:zy=O:zc=O:zd=O:i=1:d=O 
Do While i C 130 

arl = (WC * M) - (q * zy) * (zd * zd) - ( ~ c  * zc) + cx 
z y l = 2 * z x * z y - 2 * z c * z d + c y  
zc1 = 2 * z x * z c - 2 * q * z d + c c  
z d 1 = 2 * z x * z d + 2 * z y * z c + c d  
zx=?Xl: z y = q l :  zc=zc1:Zd=Zdl 

If ((zx * pc) + ( ty  * q) + (zc * zc) + (zd * zd)) > 4 Thm check = i: i = 130 
i = i + l  

b o p  
End Function 

Pnvate Sub Comrnand3-Click() 
Unload Me 
End Sub 



'FIGURE 7 Téaabrot] (visuai Basic) 

Private Sub Commandl-Click() 
ScalcMode = vbPixels 
l3m x, Y, z, c, c k  xl ,  yl, 21, n 
Dim col As Long 
For z = 1 To (2 * (445)) 

Fmx= 1 To8Oû 
For y = 1 To 700 

n = 300 
xl =(x/n)-2.1:yl  = ( y / n ) -  12 :z l= ( ( z /2 ) /n ) -1 .13  
ck = check(x1, yl, zl) 

If (x Mod 8 = O) Or (x Mad 8 = 1) Or (x M d  8 = 2) Then col = RGB(0, O, 150) 
Eise col = RGB((z / 2) / 2, (z / 2) / 2, z) 

Ifz = (2 * 445) Then 
Ifck >= 14 And ck < 17 Then col = RGB(300,600,0) 
Ifck >= 17 And ck < 22 Then col = RG3(150,0,300) 
If ck >= 22 Then cal = RGB(lSO,O, 0) 

End If 

Ifck >= 14 Then 
PSet (x -+ Fix((z / 2) / 1 S) - 230, y + Fix((z / 2) 1 18) - IO), coi 

End If 

Nex? y 
Next x 

Nsrt z 
End Sub 

Function check(= As Double, cy As Double, cc As Double) As heger 
Dimp~, zy, zxl,zyl, ZCI, zdl, ZC, zd, cd, i 
==O: zy=O:zc=O: z d = O : i =  1: c d = O  
Do Wtiile i < 130 

n c 1  =(zx * M) -(q * ty )  +(zd * zd) - (ZC ZC)+CX 

z ~ ~ = ~ * z x * z ~ - s * z c * z ~ + c ~  
~ c I = 2 * ~ ~ * ~ ~ - 2 * z y * z d + c c  
z d l = 2 * p i * z d + 2 * z y * z c + c d  
~ ; = ~ ~ : : q = q l : z c = z c I : z d = Z d l  

If((= * pr) + (zy * zy) + (zc * zc) + (zd * zd)) > 4 Then check = i: i = 130 
i = i + l  

LQOP 
End Function 

Private Sub Cornman&-Click0 
Uuload M e  
End Sub 



'FiGURE 7 téirabrot en utilicnnt d e m e n t  L'algorithme de Mudtlbror] ( V i i  Basic) 

DêfDbi A-Z 

Pnvatt Sub C o d  l,Ciick() 
ScateMode = VbPixels 
Dimx. y,& c, c k  xl ,yl ,z l ,  n 
Dim col As Long 
For z = 1 To (2 (445)) 

For x = 1 TO 800 
Fory= 1 T07OO 

n = 3OO 
xl =(x /n)  - 2.1: y1 = (y in ) -  1.2: z l  =((zl2)In)-  1.13 
ck= chcck(x1, yt, zl)  

If@ Mod 8 =O) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(O.O, 150) 
EIsecol=RGB((z/2)/Z ( z l 2 ) / Z z )  

If z = (2 445) nicn  
If ck >c 14 And ck < 17 Then col = RGB(300.600.0) 
If ck >= 17 And ck < 22 Then col = RGB(l50,O. 300) 
if ck >c= 22 Then col = RGB(IS0, O, 0) 

End If 

Ifck >= 14 Then 
PSct (x + Fix((z 1 2) 1 15) - 230, y + Fix((z 1 2) / 18) - 10). col 

End If 
Next y 

Next x 
Next 7: 

End Sub 

Function chtck(cx As Double, cy As Double, cc As Double) As Inttgcr 
Dim ut, zxx. zy, q y ,  utl ,  yl, zcl. zdl. zc, zcc. zd, zdd, cd, i 
wr=O:zy=O:u:=O:zd=O:i= l:cd=O 
Do Whilti< 130 

zx 1 = mandel 1 (ut, y) + cx + cd 
q l  = rnandtl2(n, y) + cy - cc 
zc t = mandell (zc, zd) + cx - cd 
zd 1 = mandelZ(zc, zd) + cy + cc 
wt=ut l : zy=yI :u :=zc~:rd=zd l  
zxx = (zx + zc)/2: zyy = (zy + zd)12: zcc= (zd - zy) 12: zdd = (w - zc) 1 2  

If ((UX * ZXX) + (qy zyy) + (tçc * zcc) + (zdd * zdd)) > 4 Thcn check = i: i = 130 
i = i +  1 

LOOP 
End Function 

Function mandell(wx As Doubie, wy As Doublc) As Double 
mandel 1 = (wx wx) - (wy wy) 
End Function 

Function mandel2(wx As Double, wy As Double) As Double 
mande12 = 2 wx wy 
End Function 

nivate Sub Command2,Click() 
Unload Me 
End Sub 



'FIGURE 8 [Le tétrabrot avec d=0.3] (Visual Basic) 

DefDbl A-Z 

Private Sub Cornmandl -Click() 
ScaleMode = VbPixels 
Dbx, y, z, c, ck x1, y 4  21, n 
Dim col As Long 
For z = 2 * 470 To (2 * (470)) 
F m x =  1 To 800 

Fory= 1 To7ûû 

n = 300 
xi =(x/n)-2.1:yl =(y/n)- 1.S:zI =((z /S) /n)-  1.13 
ck = check(x1, yl, zl) 

If ( x  Mod 8 = O) Or (x Mod 8 = 1) Or ( x  Mod 8 = 2) Then cul = RGB(0, 0, 150) 
Eise col = RGB((z / 2 )  / 2, (z / 2) / 2, L) 

If z = (2 * 470) Then 
If ck >= 24 And ck < 17 Then col = RGB(300,600,0) 
If ck >= 17 And ck < 22 Then col = RGB(lSO,O, 300) 
If ck >= 22 Then col = RGB(150, O, O) 

End If 

Eck >= 14 Then 
PSet (x -+ Fix((z / 2) / 1.5) - 230, y -t Fix((z / 2) / 18) - 1 O), col 

End If 

Next y 
Xext x 

NeYa z 
End Sub 

Function check(cx As Double, cy As Double, cc As Double) As lnteger 
Dim ps S; ml, zyl, zcl, zdl, zc, zd, cd, i 
zx = O: zy = 3: zc = O: zd = O: i = 1 : cd = -0.3 
Do Whiie i < 130 
m l =  (zx * ac) - (zy * zy) + (zd zd) - (zc zc) + cx 
z y l = 2 * z x * z y - 2 * z c * z d + c y  
ZCI = S * M * Z C - Z * v * z d + C C  

zdl = 2 * z x * z d + 3 * z y *  zc i- cd 
zx=zxl:zy=zyl:  Z C = Z C Z :  zd=zdl  

If ((zx * pr) + (zy * zy) i- (zc * z) + (zd * zd)) > 4 Then check = i: i = 130 
i = i + l  

b o p  
End Function 

Private Sub Comrnand.2-Click0 
Unioad Me 
End Sub 



'FIGURE 9 tétrabrot avec d=-0.71 (Visual Basic) 

m b l  A-Z 

Private Sub Commandl-CIicw 
ScaieMode = vbPixels 
Wx, Y, z, c, c k  x17 yl, 21, n 
Dim cal As Long 
For z = 2 470 To (2 * (470)) 

For x = 1 To 800 
Fory= 1 To 700 

n = 300 
xi  = (x /n ) -2 .1 :y l  = ( y / n ) -  1.2:zI =((z/2)!n)- 1.13 
ck = ciieck(x1, yl, z1) 

If (x Mod 8 = O) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(0, 0,150) 
Else col = RGB((z f 2) / 2, (z / 2) / 2, z) 

If z = (2 * 470) Then 
If ck >= 14 And ck < 17 Then col = RGB(300,600, O) 
If ck >= 17 And ck < 22 Then col = RGB(150, O, 300) 
If ck >= 22 Then col = RGB(150,0, O) 

End If 

If ck >= 14 Then 
PSet (x + Fix((z / 2) / 1 -5 )  - 230, y + Fix((z / 2) / 1 8) - 1 O), col 

End If 

Next y 
Next x 

Next z 
End Sub 

Function check(cx As Double, cy As Double, cc As Double) As lnteger 
Dim p~ zy, 2x1, q 1 ,  ZCI, zdl, zc, A, cd, i 
z x = O : y = O : z c = O : z d = O : i =  l:cd=-0.7 
Do While i < 130 

zxl = (zx * zx) - (zy * zy) + (zd * zd) - (ZC * ZC) S. cx 
z y l = 2 * o s * z y - 2 * z c * z d + c y  
z c 1 = 2 * a c * z c - 2 * z y * z b + c c  
z d l = 2 * z x * z d + 2 * z y * z c + c d  
M = ml: zy = zyl: zc = zcl: zd = zdl 

If ((zx * zx) + (zy * zy) + (u: zc) + (zd zd)) > 4 Then check = i: i = 130 
i = i + ]  

b o p  
End Function 

Private Sub Conunandî-Click() 
Unload Me 
Eind Sub 



Private Sub Commruid 1-Click0 
ScaieMode = vbPixels 
Dim x, Y, z, c, ck, xl, yl, 21, n 
D i .  COI As Long 
For z = 1 To (2 * (80C)) 
For x = 1 To 800 

F o r y = I  ToW0 

n = 5500 
xi =(x/n)- 1.817:yl =(y/n)-0.1:zl  =((z/2)/5500)-0.060363636 
ck = check(x1, yl, zl) 

If (x Mod 8 = O) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(O,O, 150) 
Else col = RGB((z / 2)  / 2, (z 1 2) i 2, z) 

Eck >= 16 Then 
PSet (y + Fix((z / 2) / 8) - 210, x + Fix((z / 2) 1 1.5) - 220), col 

Else 
End if 

Function check(cx Double, cy As Double, cc As Double) As Integer 
~ ~ z y , = 1 , s r l , = l , ~ l 7 = 3 r 4 c d , i  
ac=O:zy=O:zc=O:zd=O:i=1:cd=O 
D o  Wbile i < 50 

Z J C ~  = (mc * M) - (zy * zy) + (zd * zd) - (ZC * ZC) + cx 
q l = 2 * a * q - 2 * z c * z d t c y  
zc1 = 2 * zx zc - 2 + zy * zd +cc 
zdl =2*pr*zd+2*zq '*zc+cd  
ar=Z?c1: z y = q l :  zc=zcl:Zd=Zdl 

If ((or * zx) + (zy * ty)  + (ZC * ZC) + (zd * zd)) > 4 Then check = i: i = 50 
i = i - i - 1  

LWP 
End Function 

Private Sub Command2-Click0 
Udoad Me 
End Sub 



'FIGURE 11 

Defllbl A-Z 

Private Sub Commandl-CiickO 
ScaleMode = vbPixeis 
Yim q y, 5 c, ck, xl, yl ,  21, n 
Dim col As Long 
For z = (4 * 560) To (4 * 780) 

l.or x = 1 To 800 
For y = 2500 To 4000 

n = 32000 
xl=(x/n)-1.817:yl=~/n)-O.1:zl=(((z/4)/2)1550O)-O.0o0363636 
ck = check((x1) - 0.056, yl, zl) 
Lf (x M o d  8 = O) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(0, 0, 150) 
Else col = RGB(((z - 4 * 550) 1 2) 1 2, ((2 - 4 * 550)  12)  1 2, (z - 4 * 550)) 

If ck >= 18 Then 
PSet (y + Fk(((z / 4) 1 2) / 6) - 2800, x + Fix(((z / 4) 1 2) 1 0.2) - I670), col 

End If 

N-Y 
Next x 

Next z 
End Sub 

Function check(cx As Double, cy As Double, cc -4s Double) -4s Imeger 
Dim ar, zy. ~ 1 ,  zyl, zc1, dl, zc, zci, cd, i 
= = O :  zy=O:zc=O:zd=O:i=1:cd=O 
DoWhüei<70 

ZXI = (ZX * zx) - (zy * q) + (zd * zd) - (ZC * ZC) + cx 
z y l = 2 * a r * q - 2 * z c * z d + c y  
Z C ~ = ~ * Z X * Z C - ~ * w * z ~ + c c  
zdl=2*ar*zd+2*zy*tc+cd 
zx = ml: zy = zyl: zc = zcl: zd = zdl 

If((= * zx) + (zy * zy) + (zc * zc) t- (zd * zd)) > 4 Then check = i: i = 70 
i = i + l  

h o p  
End Function 

Private Sub Col~lllliind2~ClickO 
Unload Me 
End Sub 



D a b l  A-Z 

Private Sub Commandl-CückO 
ScaleMode = Vhpixeis 
Dim x, Y, z, c, ck, xl, yl, 21, n 
Dirn col As Long 
For z  = (12 * 623) To (12 705) 

Forx = 1 To 800 
For y = 9500 To 10500 

n = 100000 
xi = (X / n) - 1.817: y1 = (y / n) - 0.1: zl  = (((2 / 3 / 4) / 2 )  / 5500) - 0.060363636 
ck = check((x1) + 0.003, yl ,  zl) 

If (X Mod 8 = O) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(0, 0, 150) 
Else col = RGB(((z - 4 * 3  * 623) 1 2) / 2, ((z - 4 * 3 623) / 2) / 2, (z - 4 * 3 * 623)) 

End If 

N ~ Y  
Next x 

Tu-ext z 
End Sub 

Function check(= As Double, cy As Double, cc As Double) -4s Integer 
Dim M, zy, a l ,  ql, ZCI, Al, zc, zd, cd, i 
= = O :  zy=O: zc=O:.zd=O: i =  1: cd=O 
DoWhilei<70 

2x1 = (zx * ar) - (zy * q) + (zd * zd) - (zc * zc) + cx 
zy1=2 * zx* zy- 2  * zc * zd+ cy 
z ~ l = S * n c * z ~ - 2 * z y * z d + ~ ~  
z d l = 2 * n r * z d + 2 * z y * z c + c d  
zx=zxl: zy=zyl:zc=zcl:zd=zdl  

If((= * a) + (zy * zy) -+ (zc * zc) + (zd * zd)) > 4 Then check = i: i = 70 
i = i +  1 

h o p  
End Function 

Private Sub Command2-CiickO 
Unload M e  
End Sub 



'FIGURE 13 (Visual Basic 1280x1 OZ4,24 bpp) 

D a 1  A-Z 

Priva~c Sub Commandl-Ciicko 
ScaleMode = vbPixeis 
Dim x, y, z, c, ck, xl, yl, z l , o  
Dim col As Long 
For z = 400 To 4000 

For x = 4400 To 5350 
For y = 5500 To 7500 

n = 5500 
xi =(x/n)-2.1:yI =&/II)- 1.5: zl =((z/2)!n) - 0,184 
ck = check(xl, yl, zl) 

If (x Mod 8 = O) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(0, 0, 100) 
Else col = RGB(((z) 1 7) / 2, ((2) 1 7) / 2, ((2) / 2)) 

If ck >= 15 Then 
PSet (y + Fix((z 1 6) / 4) - 5900, x + Fix((z / 6) 1 0.4) - 5080), col 

End If 

N-Y 
Next x 

Next z 
End Sub 

Function check(= As Double, cy As Double, cc As Double) As Integer 
Di p~ sy, ml, zyl, zcl, zdl, zc, zd, cd, i 
==O: zy=O:zc=O:  z d = O : i = l : c d = O  
Do Whiie i < 30 

MI = (ZX * M) - (ZY * ZY) + ( ~ d  * ~ d )  - (Z * ZC) CX 

z y l = 2 * p r f  q - 2 * z c * z d + c y  
z c 1 = 2 * z x * z c - 2 * z y * z d + c c  
z d l = 2 * n r * z d + 2 * z y * z c + c d  
ar =nl: zy = e l :  zc=zcl: zd = zdl 

If((= * ac) + (zy * zy) -t (zc * zc) + (zd * zd)) > 4 Then check = i: i = 30 
i = i t l  
WP 
End Function 

Private Sub Commlind2-Click() 
Unload M e  
End Sub 



'FIGURE 14 

DefDbl A-Z 

Private Sub Commaad 1-Click() 
ScaleMode = vbPixels 
Dim x, Y, z, cl ck xl, yl, zl, n 
Dim col As Long 
For z = 230 To 1650 

For x = I To 800 
For y = 1 To 1400 

If (X Mod 8 = O) Or (x Mod 8 = 1) Or (x  Mod 8 = 2) Then col = RGB(0, 0, 150) 
Else col = RGB((z 12) / 3,  (z 12) / 3, z) 

Eck>= 16Thm 
PSet Qj + F~r((z / 2) / 6) - 240, x + Fx((z / 2) / 0.8) - 520), col 

End I f  

ru-e?ct y 
Next x 

N m  z 
End Sub 

Function color(nurnber As Double) As Long 
Di r As Long, g As Long, b As Long 

'color-1.gb(n~ber/2,number/2,numk) 
color = RGB((nurnber / 2) / 2, (number / 2) / 2, number) 'bis 
'wlor = RGB((number / 3), (number / 3), 0) 'jaune 

End Function 

Function check(cx As Double, As Double, cc As Double) -4s Integer 
Wzx, zy, ml, VI, ZCI, zdl, tc, zd, cd, i 
zx=O:zy=O: zc=O:zd=O:i= l : c d = O  
Do While i < 50 
ml =(M * PC)- (zy* zy)+(zd * zd)-(zc * ZC)+CX 

z y 1 = 2 * a r * q - 2 * z c * z d + c y  
Z C ~ = ~ * Z X * Z C - ~ * ~ ~ * Z ~ + C C  
z d l = 2  * zx*  z d + 2 * z y  * zc+cd 
t ;x=z:I:zy=ql:zc=zcl:  d = z d l  

If((= * M) + (zy * zy) + (zc * zc) + (zd * zd)) > 4 Then check = i: i = 50 
i = i + l  

b o p  
End Function 

M a t e  Sub Cornman#-Click0 
Unioad Me 
End Sub 



'FIGURE 1s 

Private Sub Command l -Click0 
ScaieMode = &Pixels 
mx, y, z, c, ck xl, yl, 21, n 
Dim col As Long 
For z = (2 * (248)) To (2 * (430)) 

Forx= 1 To 3100 
For y = 1 To 700 

If (X Mod 8 = O) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(0, 0, 150) 
Else col = RGB(((z - (300)) / 2) / 2, ((z - (300)) / 2)  / 2, (z - (300))) 
Eck >= 12 Then 

PSet (X -+ Fi((z / 2) / 1.5) - 240, y + Fix((z / 2) / 18) + 30), col 
End If 

Next y 
Next x 

Next z 
End Sub 

Function check(= As Double, zy As Double, zc As Double) As Integer 
Di a l ,  zyl, zcl, zdl, zd, cx, cy, cc, cd, i 
d = O :  i =  1: or=-1.753878: q=O:  cc=& cd=O 
Do Wbile i -= 130 

Z X ~  = (ZX * ZX) - ( ~ y  * zy) + (zd * zd) - (ZC * ZC) + cx 
z y l = 2 * p c * z y - 2 * z c * z d + c y  
z ~ 1 = 2 * a c . * z ~ - 2 * z y * z d + ~ ~  
z d l = 2 * t x * z d + 2 * z y * z c + c d  
zx =ml: zy= zyl: Z C = Z C ~ :  zd=zdl  

If ((zx * M) + (zy * zy) i- (zc * zc) + (zd * zd)) > 4 Then check = i: i = 130 
i = i + l  

h o p  
End Function 

Pnvate Sub Cornman~i2~Click0 
Unload Me 
End Sub 



'FIGURE 16 

Private Sub Command 1-Click0 
ScaleMode = vbPùceis 
DiIn x, Y, z, c, ck xl, yl, 21, n 
Dim col As Long 
For z = (2 (235)) To (2 * (478)) 

For x = 1 To 950 
For y = 1 To 700 

n = 250 
xl = @ l n )  - 2.1: y1 =(y/ n) - 1.2: zl =((z /2 )  1 n) - 1.356 
ck = check(x1, yl,  z l )  

I f (xMod8=O)&(xMod8= l )Or(xModS =2)Thenwl=RGB(O, 0, 150) 
Else col = RGB(((z - (2 * 150)) / 2) 1 2, ((2 - (2 150)) / 2) 1 2, (z - (2 * 1 50))) 

Jf ck >= 7 Then 
PSet (x + Fi((z / 2) 1 1.5) - 240, y + Fif(z / 2) / 18) + 30), col 

End If 

Nexty 
Next x 

Next z 
End Sub 

Function check(zx -4s Double, zy As Double, zc As Double) As Integer 
Dim zx1, zyl, zcl, zdl, 4 a, cy, CC, Cd, i 
zd = O: i = 1: cx = -1.16: cy = 0.25: cc = O: cd = O 
Do While i < 130 

zxl=(zx*zx)-(zy*zy)+(zd*zd)-(zc*zc)+cx 
zyl = 2 * z x S z y - 2 * z c * z d + c y  
z c 1 = 2 * a r * z c - : ! * z y * z d + c c  
z d l = 2 + z x * z d + 2  *zy*zc+cd 
zx = zxl: zy = zyl: zc = zcl: zd = zd1 

If((= *zx)+ (zy* zy)+(zc* zc)+(zd * zd))>4 Thencheck=i: i =  130 
i = i i l  

h o p  
End Function 

Pnvate Sub Command2-Click0 
Unload Me 
End Sub 



'FIGURE 17 

Mvate Sub Commandi-Click0 
ScaleMode = vbPixeis 
Dim x, Y, 5 c, ck xi, yl, 21, n 
Dim COI As Long 
For z = (2 * (70)) To (2 (608)) 

Forx= 1 T09m 
For y = 1 To 700 

n = 250 
xl =(x/n)-2.1:yl =(y/n)- 1 . 2 ~ 1  =((~/2)/n)-1.356 
ck = check(x1, yl, 21) 

If (X Mod 8 = O) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(0, O, 150) 
Else col = RGB(((z - (2 * 70)) / 2) / 2, ((z - (2 70)) i 2)  / 2, (z - (2 * 70))) 

If ck >= 7 Then 
PSet (x + Fk((z / 2) / 1.5) - 240, y + Fix((z / 2) / 18) + 30), col 

End If 

Ne- Y 
Next x 

Next z 
End Sub 

Function check(zx As Doubie, zy As Double, zc As Double) As Integer 
Di ml, zyl,  zcl, zdl, zd, CX, qr, CC, cd, i 
&=O: i =  1: o r = O . 2 S : c y = O :  = = O :  c d = O  
DoWhilei<50 

~ ( l = ( z x *  M)-(q* q ) + ( z d *  A)- (zc* ZC)+CX 

zyl=2*zx*zy-2*zc*zd+cy 
zcl=2*ar*u:-2*q*zd+cc 
zdl = 2  * zx* zd + 2  * zy * zc+-cd 
zx= ml: zy=zy l :  ZC= zcl: zd=zdl  

Lf((zx * rx) + (zy * zy) + (zc * zc) + (zd * zd)) > 4 Then check = i: i = 50 
i = i + i  

Loop 
End Function 

Private Sub Command2-Click0 
Unload Me 
End Sub 



DcfDbl A-Z 

Pmgte Sub Commandl-CiickO 
SdeMode = vbPorels 
Dim x, y, z, c, ck xl, yL 21, n 
n 
Dim col As Long 
For z = (2 * (70)) To (2 * (470)) 

For x = 1 To 900 
For y = 1 To 700 

n = 250 
xi = (x 1 n) - 2.1: y1 = 6 / n) - 1.2: zl = ((2 / 2) 1 n) - 1.356 
ck = check(x1, yl, zl) 

If(x Mod 8 = O) Or (x Mod 8 = 1) Or (x Mod S = 2) Then col = RGB(0, 0, 150) 
Else col = RGB(f(z - (2 * 70)) / 2) / 2, ((2 - (2 * 70)) / 2) / 2, (z - (2 * 70))) 

If z = (2 * 470) Then 
Ifck >= 7 And ck C 8 Then col = RGB(lSO,O, 300) 
Ifck >= 8 And ck C 11 Then col = RGB(150,200,50) 
Ifck >= 11 Then coi = RGB(150, O, 0) 

End If 

Eck >= 7 Then 
PSet (x + Fix((z / 2) 1 1.5) - 240, y + Fix((z / 2) / 18) + 30), col 

End If 

Next y 
h-ext x 

Xext z 
End Sub 

Function check(zx As Double, zy As Double, zc As Double) As Integer 
Dim 2x1, -1, zcl , zd 1, zd, cx, cy, cc, cd, i 
z d = O : i =  1:cx=O.25:cy=O:cc=O: & = O  
Do W e i  < 130 

MI = (ZX * M) - (ZY * ZJ') + (zd * zd) - ( z ~  * ZC) i- OC 

t y l = Z * z x * z y - S * z c * z d + c y  
z c 1 = 3 * ~ * ~ ~ - 2 * z y * z d + c c  
z d l = 2 * z x * z d + 2 * ~ y * ~ ~ + c d  
zx = M I :  zy = ql: zc = zcl: zd = zdl 

If((= * ar) + (zy * zy) + (zc zc) + (zd * zd)) > 4 Then check = i: i = 130 
i = i + l  

WP 
End Function 

Rivate Sub Command2-Click0 
Unload Me 
End Sub 



'FIGURE 20 

Dembl A-Z 

Private Sub Commandl-ClickO 
ScaleMode = vbPixels 
Dim x, y, z c, ck xl,  yl, zl, n 
Di col As Long 
For z = (2 (4)) TO (2 * (687)) 
For x = 1  To 1100 

For y = 1 To 720 

n =3OO 
xi =(x /n) -2 .1 :y l  =&/n)- 1 . 2 ~ 1  =( (z /2 ) /n ) -  1.13 
ck = check(x1, yl, zl )  

If (x Mod 8 = O) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(0, 0, 150) 
Else col = RGB(((z - (O)) / 2) / 2, ((z - (0)) / 2) / 2, (z - (O))) 

If ck >= 4 Then 
PSet (x + Fix((z / 2)  / 1.5) - 350, y + Fix((z / 2) / 18) - IO), ml 

End If 

Next y 
Next x 

Next z 
End Sub 

Function check(= As Double, zy As Double, zc As Double) As Irneger 
Dini ml, zyl, zcl, dl, zd, cx, cy, cc, cd, i 
zd=O:i= 1: = = O :  cy= 1: cc=O: & = O  
Do While i < IO 

m l  = (zx * ZX) - (q * zy) Ji (zd * zd) - (ZC * ZC) + cx 
z y l = 2 * a r * z y - 2 * z c * z d + c y  
z c l = 2 * ~ : * z c - 2 * z y * z d + c c  
z d l = 2 * z x * z d + 2 * q *  zcicd 
ac=Zsl: zy=zyl:zc=zcl: zd=Ldl 

If ((nt * zx) + (zy * zy) + (zc * zc) + (zd * zd)) > 4 Then check = i: i = 10 
i = i + l  

h o p  
End Function 

Private Sub Command2-Click0 
Unload M e  
End Sub 



D a b l  A-Z 

Private Sub Comrnand 1 CLickO 
ScaleMode = vbfixels 
Dim x, Y, z, c, ck XI, YI, 21, n 
Dim col As Long 
For z = (2 * (2 1)) To (2 * (670)) 

Forx= 1 To 1100 
For y = 1 To 720 

n = 3 0  
xi =(x/n) -2 .1:  y1 =&ln)- 1.2: zl =( (z /2 ) /n ) -  1.13 
ck = check(x1, yl, zl) 

If (x Mod 8 = O) Or (x Mod 8 = 1) Or (x Mod 8 = 2 )  Then col = RGB(O,O, 150) 
Eise col = RGB(((z - (0)) / 2) / 2, ((z - (0)) / 2)  1 2, (z - (O))) 

If ck >= 5 Then 
PSet (x + Fix((z / 2) / 1.5) - 3 50, y -t Fix((z / 2) / 18) - 1 O), col 

End If 

B k t  Y 
Next x 

Next z 
End Sub 

Function check(= -4s Double, zy As Double, zc As Double) As hkeger 
Dim zxI, zyl, zcl, zdl, zd, cx, cy, CC, cd, i 
z d = O :  i=1:  cx=O: c y = 1 :  c c = O : c d = O  
DoWhiiei<lO 

2x1 =(a * ZX) - ( ~ ÿ  * ZY) f (Zd * ~ d )  - (ZC * ZC) 4- cx 
z ~ Z = ~ * M * Z ~ - ~ * Z C * Z ~ + C ~  
~ ~ 1 = 2 * ~ ~ * ~ ~ - 2 * z y * z d + c c  
z d l = 2 * z x * z d + 2 * q * z c + c d  
ZX-MI :  zy- zyl: zc=zcl:  zd=zdl 

lf ((zx * ZX) + (zy * zy) f (zc * zc) + (zd * zd)) > 4 Then check = i: i = 10 
i = i + ]  

Loop 
End Function 

?rivate Sub Command2-CiickO 
Unload Me 
End Sub 



'FIGURE 33 

Dmbl A-Z 

Private Sut, Command 1-Click0 
ScaleMode = vbPixeIs 
Difn x, y, z, c, c k  xl7 yl, zi, n 
Dh col As Long 
For z = 2 (1 03) To (2 * (577)) 

For x = 1 To 1100 
For y = 1 To 700 

n = 300 
xi =(%/a)-2.1:yl =&/n)-1.2: zl = ( (z /Z) /n) -  1.13 
ck = check(x1, yl, zl) 

If (x Mod .8 = O) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(O,O, 150) 
EIse col = RGB(((z - (2 * 100)) / 2) / 2, ((z - (2 * 100)) 1 2j / 2, (Z  - (2 100))) 

If ck >= 8 Then 
PSet (x + Fix((z / 2) / 1 -5 )  - 350, y + Fbc((z / 2) i 18) - 1 O), col 

End If 

N ~ Y  
Next x 

Next z 
End Sub 

Funciion check(= As Doubie, zy As Double, zc As Double) As Integer 
Dunzxl, zyl, zcl, zdl, Z& cx, cy, CC, cd, i 
zd=Q:i=I: cx=O: cy= l:cc=O:cd=O 
Do Whife i < 15 

ZXI = (ZX * ZX) - (ZY Zy) + (zd * ~ d )  - (ZC Zc) + CX 
zyl = ~ * z x * z ~ - ~ * z c * z ~ + c ~  
Z C ~  = ~ * M * Z C - S " Z ~ ' * Z ~ + C C  

z d l = Z * o r * z d + 2 * z y * z c + c d  
zx=zxl: zy=tyl:zc=zcl:zd=zdl 

If((zx * ar) +(zy q) +(u; * zc)+(zd * zd)) > 4 Then check= i: i =  15 
i = i + l  

h o p  
End Fundon 

Private Sub Cornmanfi-Click0 
Unload Me 
End Sub 



Private Sub Command i -Click() 
SdeMode = v W k e l s  
Dim x, y, z, c, ck, xl, yl, 21, n 
Dim col *4s Long 
For z = 2 * (1 15) To (2 * (565)) 

Fmx= 1 To 1100 
For y = 1 To 700 

If (x Mod 8 = O) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(O,O, 150) 
Else cal = RGB(((z - (2 * 105)) / 2) / 2, ((z - (2 * 105)) / 2) / 2, (z - (2 * 105))) 

If ck >= 15 Then 
PSet (x+Fix((z/2)/ 1.5) - 350, y+Fix((z/2)/  18)- IO), col 

End If 

N-Y 
Next x 

Next z 
End Sub 

Function check(= As Double, zy As Double, u: As Double) As Integer 
Dim zxl, ql, zcl, dl, zd, CX, cy, CC, cd, i 
zd=O:i=l:cx=O:cy= l:cc=O:cd=O 
D o  While i < 130 

zx1 = (ZX * zx) - (zy * zy) + (zd * zd) - (ZC * ZC) + cx 
z ~ ~ = ~ * z x * z ~ - ~ * z c * z ~ + c ~  
~ ~ 1 = 2 * t x * z c - 2 * z y * z d + c c  
zdl=2*zx*zd+2*zy*zc+cd 
= = a l :  zy=tyl: ~ c = ~ c l : z d = ~ d l  

If((= * ZX) f (zy * q) + (zc * zc) + (zd * zd)) > 4 Then check = i: i = 130 
j = i + l  

b o p  
End Function 

Private Sub Command2-Click0 
Unioad M e  
End Sub 



'FIGURE 24 

DefDbl A-Z 

Privaîe Sub Cornmandi-Click0 
ScaleMode = vbPixels 

x, Y, z, c, * XI, yl, 21, n 
Dun col, colb As Long 
For z = 100 To ((2 * 800) + 1100) 
For x = 1600 To 2400 
For y = 1 To 1400 

n = 5500 
xi = (x / n) - 1.817: y1 = @ / n) - O. 1: zl = (((2 - 1100) 12)  15500) - 0.060363636 
ck = check(x1, yl, zl)  
E(z> 1200)Then col =RGB(((z- 1100)/2) 1'2, ((2- 1100) /2) / 2, ( 2 -  1100)) 
Eise col = RGB(25,25, 100) 

If (x Mod 8 = O) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(O,O, 150) 

End If 

Next y 
Next x 

Next z 
End Sub 

Function check(cx As Double, cy As Double, cc As Double) As Integer 
Dim zx, q, 2x1, el, zcl, zdl, zc, zd, cd, i 
z x = O : t y = O :  zc=(i:zd=O:i=l: c d = O  
D o  W e i <  100 

~ i i  = (M ZX) - (ZY * ZY) + (zd * zd) - (ZC * ZC) + CK 
z ~ I = ~ * M * z ~ - S * Z C * Z ~ + C ~  
~ 1 = 2 * ~ * ~ ~ - 2 * ~ y * z d + c c  
zdl=2*zx*zd+2*zy*zc+cd 
==al: zy=zyl :zc=zc l :  zd=Zdi 

If((= * M) + ( ty  * zy) + (zc * zc) i (zd * zd)) > 4 Then check= i: i = 100 
i = i + i  

b o p  
End Function 

Private Sub Commanci2-CIickO 
Unload Me 
End Sub 



'FIGURE 25 

DefDbI A-Z 

Private Sub Commandl-Click0 
ScaleMode = vbPixeis 
m9 Y, c, ck xl, yl, 21, n 
Dim col, colb As Long 
For z = 1450 To 2000 

For x = 2150 To 2500 
For y = 860 To 1450 

n = 5500 
xl = (x/n) - 1.817: y1 =(y/ n) - 0.1: zl  = (((z - 1100) / 2) / 5500) - 0.060363636 
ck = check(x1, yl, zl) 
If (z > 1200) Then col = RGB(((z - 1 100) / 3) / 2, ((z - 1 100) 1 2) / 2, (z - 1 100)) 
E k  col = RGB(25,25, 100) 

If(x Mod 8 = O) Or (x Mod 8 = 1) Or (xMod 8 = 2) Then col = RGB(O,O, 150) 

If ck >= 16 And ck < 17 Then colb = RCü3(100,0, 100) 
Ifck >= 17 And ck C 19 Then colb = RGB(150, l50,O) 
If ck >= 19 And ck < 23 Then coIb = RGB(0, 1 50, 100) 
If ck >= 23 And ck < 30 Then coIb = RGB(100,50, 50) 
Ifck >= 30 And ck < 40 Then coib = RGB(lS0, 100,200) 
if' ck >= 40 Then colb = RGB(200, O, 0) 

If (z = 2000) Or (y = 860) Then col = colb 

If ck >= 16 Then 
PSet (y + Fùr(((z - 1 100) / 2) 1 8) - 600, x + Fix(((z - 1100) / 2) / 1.5) - 2200), col 

End If 

Next y 
rjext x 

Nexl z 
End Sub 

Function check(cx As Double, cy As Double, cc As Double) As Integer 
Dim zx, zy, zxl, zyl, zcl, dl, zc, zd, cd, i 
zx=O:zy=O:zc=O: z d = O :  i = 1 :  c d = O  
Do W e i <  100 

a l =  (zx * x) - (q * zy) + (zd * zd) - (zc * ZC) + cx 
z y l = 2  * z x * z y - 2 * z c * z d + c y  
z c l = 2 * z x * z c - 2 * z y * z d + c c  
z d l = 2 * p r * z d + 2 * q * z c + c d  
zx = 2x1: zy = zyl: zc = zcl: zd = zd1 

If ((zx ac) + (zy * zy) + (zc * zc) +- (zd * zd)) > 4 Then check = i: i = 100 
i = i +  1 

b o p  
End Function 

Private Sub C0nimand2~CIickO 
Unload M e  
End Sub 




