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The Riemann Zeta Function'

The Riemann zeta function is the function of complex
variable s , defined in the half-plane Re(s) > 1 by the

convergent series
= 1
C(s):= > poel
n=1

and in the «whole» complex plane C by analytic conti-

nuation.

\ /
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Analytic continuation of ((s)

As shown by Riemann, ((s) extends to C as a meromor-
phic function with only a simple pole at s = 1, with
residue 1.

A globally convergent series for the Riemann zeta func-
tion is given by :

[C(S) = 1= i {27}“ éo(?gl@} 56 C\ {1}J

n=0

\_ /




A Bicomplex Riemann Zeta Function

Slide 4

Slide 5

4 N

Zeros of ((s)

The function ((s) has zero at the negative even integer
—2,—4, ... and one refers to them as the trivial zeros.

Riemann hypothesis :

The nontrivial zeros of ((s) have real part equal to %

\ /
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Euler product I

The connection between prime numbers and the zeta

function is the celebrated Euler product :

1
C(O’) = HE, with o € R,O’ > 1.
n=1 j24
Where p1,p2,...,Dn, ... is the ascending sequence of pri-

mes numbers.

\_ /
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Riemann’s fundamental idea is to extend Euler’s formula
to a complex variable. Thus he sets :

for every complex number s with Re(s) > 1.

Remark :

ps = e¥1nPn) = cos(s - In(py)) + i - sin(s - In(py))

\ /

/ Bicomplex Numbers I \

In 1892, in search for and development of special algebras,
Corrado Segre (1860-1924) published a paper in which he
treated an infinite set of algebras whose elements he called
bicomplex numbers, tricomplex numbers,..., n-complex

numbers.

We define bicomplex numbers as follows :

(Ca = {at biy +cin +dj :ia® = in® = 1, j2 =1}

where i2j) = jipg = —i1, 11] = Ji1 = —i2, i20] = i1l3 = J

K and a,b,c,d € R. /
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KNe remark that we can write a bicomplex number \
a—+biy 4+ cio + dj as :

((a + bil) + (C + dil)ig =21+ ZQ?:QJ

where z1,20 € C; := {x + yiy : i = —1}. Thus, Cy
. can be viewed as the complexification of C; and a bicom-
Slide 8 9
plex number can be seen as an element of C“. Moreover,
Cq is a commutative unitary ring with the following

characterization for the noninvertible elements.

Let w = 21 + 2219 € Cy. Then w is noninvertible if and
only if :

\ 212 4+ 292 = 0. /

/ Bicomplex Analysis I \

It is also possible to define differentiability of a function
at a point of Cs :

Definition 1 Let U be an open set of Co and wg € U.
Slide 9 Then, f : U C Cy — Cy is said to be Co-differentiable
at wy with derivative equal to f'(wg) € Cq if

o f0) = fwo)

wW—wWo w — Wo

w—wp inv.
0

= f’(wo)-

We will also say that the function f is Cy-holomorphic
on an open set U iff f is Cs-differentiable at each point

oo Y
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ﬁs we saw, a bicomplex number can be seen as an elh
ment of C?, so a function f(z1 + 2002) = fi(21,22) +
f2(z1, 22)ia of Cy can be seen as a mapping f(z1,22) =
(fi(z1, 22), f2(21, 22)) of C2. Here we have a characteriza-
tion of such mappings :

Theorem 1 Let U be an open set and f : U C Cy —
Cs. Let also f(z1 + 22i2) = f1(21,22) + fa(z1, 22)i2. Then
f is Ca-holomorphic on U iff :

f1 and fa are holomorphic in z1 and zo

and,

ofh _of: Oh _ Oh

\_ 92 0z 1 0um O )

4 )

Now, it is natural to define for C? the following class of
mappings :

Definition 2 The class of T-holomorphic mappings on
a open set U C C? is defined as follows :

THU) :={f U CC* — C?fecHU) and

Ofi _ 0f2 Ofs _ _0f1
Oz1 ~ Ozo’ Oz1 Ozo on U}

It is the subclass of holomorphic mappings of C? satis-
fying the complexified Cauchy-Riemann equations.

\_ /
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/ The idempotent basis' \

We remark that f € TH(U) iff f is Cy-holomorphic on
U. It is also important to know that every bicomplex
number z; + 292 has the following unique idempotent
representation :

21 + 2209 = (21 — 2201)er + (21 + 2201)e2

14§ 1§
where e; = % and ez = 7.

This representation is very useful because : addition, mul-
tiplication and division can be done term-by-term. Also,
an element will be noninvertible iff z; — 2991 = 0 or

Q—i— 2911 = 0. /

/The notion of holomorphicity can also be seen with\
this kind of notation. For this we need the following de-
finition :

Definition 3 We say that X C Cy is a Co-cartesian set
determined by X1 and X5 if

X =X X Xo = {Zl+22i2 € Cy: 29+ 2910 =
wre1 + waes, (w1, ws) € X1 X Xo}.
Remark :

If X; and X5, are domains of C; then X; x. X5 is also a

Q)main of C,. /
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Now, it is possible to state the following striking theo-
rems :

Theorem 2 If fo1 : X1 — Cq and feo : Xo — C4
are holomorphic functions of C; on the domains X, and
X respectively, then the function f : X1 X, Xo — Co
defined as

f(z1 + 2202) = fe1(2z1 — 2201)e1 + fea(z1 + 2201)eo,

V 21 + 2000 € X1 X X2 is «T-holomorphic» on the
domain X1 X, Xo.

\ /

Ghe Bicomplex Riemann Zeta Function\

Let n € N\{0} and w = 21 + 2215 € Co. We define
nY — ew~ln(n)

where

621+2222 ‘= %1 . %22 gpd e%2%2 = COS(ZQ) + 7:287:77,<22)-

Hence,

[ nZF1tz2iz — pz1-in(n) [cos(zg - In(n)) + igsin(zy - ln(n))])

\_ %
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ﬁ%emarks : \

o cWITW2 — oW1 . W2 Y g € Cy.

e ¢ is invertible Yw € Cs.

o P t2iz — (ezl_zzil)el + (6z1+z2i1)62 Vz1 + 2219 € Co.
Definition 4 Let w = z1 + 2205 € Cy with Re(z1) > 1
and |Im(z2)| < Re(z1) —1. We define a bicomplex Rie-

mann zeta function ((w) by the following convergent

series :

[«w) = iﬁ}

\ /

/The last definition can be well justified by the followirb
theorem :

Theorem 3 Let w = z1 + 2210 € Co with
R@(Zl — Zgil) > 1 and Re(21 + Zgil) > 1.
Then

CREES D

Moreover,

{w € Cy | Re(z1 — Zzil) > 1 and Re(zl + Zzil) > 1}

K: {w € Cy | Re(21) > 1 and |[Im(22)| < Re(z1) — 1}'/
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We will now determine the whole domain of existence of
our bicomplex Riemann zeta function. In fact, if O is
the set of noninvertible elements in Cq, we extend ((w)
as follow :

(C(w) 1= ((21 — 2211)e1 + ((21 + Z2i1)62)

on the set Co\{1 + O}.

Remarks :

ewecl+0y & 27— 2917 =1 o0r 21 + 2201 = 1.

\ /

4 )

The set C2\{1 + Oz} is open and connected in C2.
By Theorem 2, {(w) is T-holomorphic on Co\ {1+ O5}.
By the identity theorem of C2, our analytic continua-

tion of ((w) is unique.
Let wg € 1 + O5 then

lim |((w)] = occ.
w—wq
(wg1+03)

Hence, the domain Co\{1 + O2} is the best possible.

\_ /
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/ The Zeros of ((w) \

Let w = 21 + 2902 € Co\{1 + Oz}. Then,

(C(w) =0 <= ((21 — 22i1) = 0 and ((21 + 22i1) = 0)

Hence, from the trivial zeros of ((s) we can obtain trivial
zeros for ((w). More specifically, the set z; + 2200 € Cy
such that

(21 + 221 = (—n1 —n2) + (—n1 + "2)j]

where n1,ne € N\{0} will be defined as the set of the

Q‘ivial zeros for the bicomplex Riemann zeta functiory

/ The Bicomplex Riemann Hypothesis I\

Moreover, we can establish a bicomplex Riemann hypo-
thesis for ((w) equivalent to the Riemann hypothesis

for ((s) :

Conjecture 1 Let w = z1 + 2909 € Co\{1+ O}, If w is
a nontrivial zeros of the bicomplex Riemann zeta function
then :

(Re(e), Im(z2)) = (5,0)

or (Re(z1),Im(22)) = (§ —n,x(3 +n))

K where n € N\{0}. /

11
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/ The Bicomplex Infinite Products' \

In the complex plane, an infinite product is said to conver-
ge if and only if at most a finite number of the factors are
zero, and if the partial products formed by the nonvani-
shing factors tend to a finite limit which is different from
zero. In the bicomplex case we have to pay attention to
the divisors of zero.

Definition 5 A bicomplex infinite product is said to con-
verge if and only if at most a finite number of the factors
are noninvertible, and if the partial products formed by
the invertible factors tend to a finite limit which s inver-

tible. /

4 )

Theorem 4 Let wy, = 21, + 22nl2 € C2\O2 be a se-

quence of invertible bicomplex numbers. Then, [[ w, con-

n=1
verges if and only if
oo [o.e]
H (21.n — 22.n01) and H (21,n + 22.n01) converge.

Moreover, in the case of convergence we obtain :

[e @] [ee) . o0 .
Wy, = [ (21,0 — 22ni1)er + [ (21,0 + 22.n01)e€2.
n=1

n=1 n=1

\_ /
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The Bicomplex Euler Product'

Using the last theorem, we are able to establish a bicom-
plex Euler product :

Theorem 5 Let w = 21 + 2902 € Cy with Re(z) > 1
and |[Im(z2)| < Re(z1) — 1. Then :

Where p1,p2, ..., Pn,- - . is the ascending sequence of pri-

mes numbers. /
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