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Abstract

In this paper, we generalize the Mandelbrot set using quaternions and spherical coordinates.
In particular, we use pure quaternions to define a spherical product. This product, which
is inspired by the product of complex numbers, adds the angles and multiplies the radii of
the spherical coordinates. We show that the algebraic structure of pure quaternions with the
spherical product is a commutative unital magma. Then, we present several generalizations of
the Mandelbrot set. Among them, we present a set that is visually identical to the so-called
Mandelbulb. We show that this set is bounded and that it can be generated by an escape time
algorithm. We also define another generalization, the bulbic Mandelbrot set. We show that one
of its 2D cuts has the same dynamics as the Mandelbrot set and that we can generate this set
only with a quaternionic product, without using the spherical product.
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0. INTRODUCTION

Quaternions were discovered by Sir William Rowan
Hamilton while he was trying to extend the complex
numbers to a third dimension by adding imaginary
units. These four-dimensional (4D) numbers form
a noncommutative field. In particular, quaternions
can be used to rotate vectors around an arbitrary
vector in the 3D space 1

In this paper, we are interested in the 3D general-
izations of the Mandelbrot set by using the concept
of rotation in the space. The Mandelbrot set is gen-
erated by iterating a complex quadratic polynomial
and has been studied for many years 8 Iterations
of quaternionic polynomials have also been used to
generalize the Mandelbrot set in 3D. However, since
quaternions have four dimensions, the visualization
of the set is only possible through 3D slices. Even if
Bedding and Briggs said that possibly no interest-
ing dynamics occur in the case of the quaternionic
Mandelbrot set, it has been studied in many papers
over the years (see Refs. [7HIT)).

Spherical coordinates were also used to generalize
the Mandelbrot set in 3D. This method was inspired
by the geometric result of squaring a complex num-
ber that is squaring the radius and doubling the
angle. The famous Mandelbulb fractal is the result
of this generalization 12168

Although the use of spherical coordinates makes
it possible to obtain beautiful fractals like the Man-
delbulb, there is no specific algebraic structure
behind it. In fact, these fractals were generated
using a ray tracing method inspired by other meth-
ods P08 Ty this paper, we present an algebraic
structure supported by pure quaternions to gen-
erate fractals using a spherical polynomial. More-
over, we show that our spherical Mandelbrot set is
bounded by a sphere of radius 2. We also establish a
relationship between a variation of this generalized
Mandelbrot set and a 3D slice of the quaternionic
Mandelbrot set.

In Sec. [, quaternions and spherical coordinates
are introduced. In Sec. 2 we define the spherical
product of pure quaternions and present some of its
properties. Then, in Sec. Bl we present a generaliza-
tion of the Mandelbrot set, the quaternionic Man-
delbrot set. Finally, in Sec. M, we introduce a gen-
eralization of the Mandelbrot set in true 3D using
our spherical product of pure quaternions. For the
power 8, we show that this set is visually the same
as the so-called Mandelbulb and we found its spe-
cific bound in the space.

1. DEFINITIONS AND BASICS
1.1. The Quaternions

We present here a summary about quaternions
and some of their properties. Quaternions are an
extension of complex numbers. Complex numbers
have two real components and an imaginary unit.
Quaternions have four real components and three
imaginary units such that 2 = j2 = k? = ijk = —1.
The quaternions set is noted

H:={a+0bi+cj+dk|a,b,cdecR}.

The quaternions set is an associative, noncommuta-
tive division algebra. Addition is defined the same
way as vector addition. To define a multiplication
rule, we need to assign values to 4,7 and k when
multiplied two by two. These values are

ij =k,
Jk =1,
ki=j, ik=—j.

Multiplication of quaternions is defined in this way

q1 X q2 := (arag — biby — cica — dyds)
+ (a1bg + brag + c1dy — dic2)i
+ (a1c2 + craz + diby — bidz)j
+ (a1dy + dyag + bica — c1bo)k.

Analogously to complex numbers, quaternions have
a modulus. This modulus is the Euclidean norm.
The modulus is denoted ||¢|| := Va2 + b2 + ¢ + d2.
An important property of quaternions is that the
modulus of a product is the product of the modulus,
which means that we have ||q1q2| = [|q1]|||g2|| (see
Ref. 2).

Like the complex numbers, quaternions have a
polar representation. Consider a quaternion ¢ =
a + q where q # 0 is the vector parts of ¢ which
means q = bi + ¢j + dk. Thus, there exists a unique
angle 0 < ¢ < 7 such that

q = |lql|(cos ¢ + psin ¢),

where p = ﬁ is a unit vector.

The following theorem is a generalization of the
De Moivre formula for the complex numbers called
the quaternionic De Moivre formula?
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Theorem 1. If ¢ = ||¢||(cos ¢+ psin¢) is a quater-
nion in its polar representation and n € N, then

q" = llg|["[cos(n@) + psin(ng)].

There is an important subset in the quaternions
set that is called the pure quaternions set and
is denoted ImH. A pure quaternion is a quater-
nion ¢ = a + bi + ¢j + dk where a = 0. Pure
quaternions can be used to rotate vectors around
an arbitrary vector in 3D space using the following
theorem 12

Theorem 2. Consider P and u two pure quater-
nions and a quaternion

2
g = cos(6) + e sin(9).
[l
Then, the product gPq~" is the result of rotating P
about the vector u through 2¢.

1.2. Spherical Coordinates

We now introduce spherical coordinates. These
coordinates are used to represent a point in the 3D
space. A point in spherical coordinates is written
(p,0,¢) where

e p >0 is the distance from the origin O to P;

e 0 < 60 < 27 is the angle formed by the positive
z-axis and the projection of P in the xy plane;

e 0 < ¢ < mis the angle formed by the positive
z-axis and the line segment OP.

Since pure quaternions are 3D, they can also be used
to visualize points in the 3D space using vectors 4, j
and k as axis. Thus, we can represent pure quater-
nions in spherical coordinates using the following
formulas for a pure quaternion ¢ = ai + bj + ck and

p # 0%
p=Va*+b+c2 0=arctan2(b,a),

¢ = arccos(c/p).

These formulas are used to switch from spherical
coordinates to Cartesian coordinates. Since the tan-
gent function has a period of 7 and that 0 < 6 < 27,
we define the function arctan2 that returns the
angle in the right quadrant. This function is already
used in many programming softwares. We define the
spherical representation of a pure quaternion as fol-
lows by using the above formulas:

q = p(isin¢cos @ + jsin psinh + k cos ¢).

This common definition of spherical coordinates
assures unicity of all coordinates except (0,0,0) and

On the Algebraic Foundation of the Mandelbulb

the two poles. To have a unique representation for
the quaternion 0, we fix § = 0 and ¢ = 0. So, the
spherical coordinate that represents this quaternion
is (0,0,0). For the poles, that are the cases when
¢ =0or ¢ =m, we fix 0 = 0. So, in the case of a
quaternion ck where ¢ > 0, the associated spherical
coordinate is (¢, 0,0). In the case where the quater-
nion is in the form ck where ¢ < 0, the associated
spherical coordinate is (|c[,0,7). In this way, we
have a unique spherical representation for all pure
quaternions.

Moreover, we can easily verify that ||g|| =
|| p(isin ¢ cos O+ jsin ¢sin @ + k cos ¢)|| = p. Indeed,
we have

|p(isin ¢ cosB + jsinpsinf + k cos ¢)||

— \/pQ(sin2 ¢ cos?  + sin? ¢psin? 0 + cos? ¢)

=/p? \/sim2 #(cos? 0 + sin? 0) + cos? ¢

= py/sin® ¢ + cos? ¢

:p'

2. SPHERICAL PRODUCT OF
PURE QUATERNIONS

We know that multiplication of unitary complex
numbers represents a rotation in the 2D plane.
Thus, we define the spherical product by reproduc-
ing this idea in the 3D space (see Ref. 20). This
product between pure unitary quaternions repre-
sents a rotation in the 3D space using spherical
coordinates.

Definition 1. Consider ¢, ¢o € ImH in spheri-
cal representation. Then, the spherical product is
defined as

q1 Xs q2 := p1p2(isin(p1 + ¢2) cos(01 + 62)
—|—jsin(¢1 + ¢2) sin(91 + 92)
+ kcos(¢1 + ¢2)).

Theorem 3. (ImH, x,) is a commutative unital
magma, in other words, it has the following prop-
erties:

(1) ImH s closed under Xg;

(2) the operation X4 is commutative;

(3) ImH has an identity element e with respect to
the operation Xg.
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Proof. Closure is a direct consequence of the def-
inition. Commutativity is a direct consequence of
the commutativity of real numbers for addition and
multiplication. Now, we show that the identity ele-
ment is the quaternion k. Let ¢; € ImH. We have

q1 Xs k= p1 - 1(isin(¢y + 0) cos(6y + 0)
+ jsin(¢y 4 0) sin(6; + 0)
+ kcos(¢p1 +0))
= p1(isin(¢p1) cos(01) + jsin(¢q ) sin(6;)
+ k cos(¢1))
=q1
=k Xsq1.

Thus, the identity element is e = k since we have
qgxsk=q=kxgsqforall g €ImH. O

Since we showed that (ImH, x4) is a commuta-
tive unital magma, we now show why it is not a
group. To be a group, the operation would need to
be associative and all ¢ € ImH would need to have
an inverse element. The following theorem shows
that only quaternions ck where ¢ € R* have an
inverse element.

Theorem 4. The only elements in (ImH, x) that
have an inverse are quaternions ck where ¢ € R*.

Proof. Consider ¢; € ImH and its spherical rep-
resentation such that 0 < ¢; < m. Therefore, ¢; is
any pure quaternion except quaternions of the form
ck where ¢ € R. Suppose that g; has an inverse ele-
ment ¢o, then q; X5 go = k. So, since we need to
have cos(¢1 + ¢2) = 1 to obtain k, we need to have
@1+ ¢p2 = 2nm for n € Z. For n = 0, the equation is
true if and only if ¢1 = ¢o = 0. For n = 1, the equa-
tion is true if and only if ¢1 = ¢ = w. The other
cases are impossible in the context of the unique
spherical representation. Thus, since 0 < ¢ < m,
by hypothesis, neither of the equalities can be true.
Therefore, ¢; does not have an inverse. From this
reasoning, we can easily see that the inverse of ck is
% when ¢ € R*. For the quaternion 0, suppose that
0 X5 q2 = k. We need to have 0 - po = 1. This is
impossible, so 0 does not have an inverse. In sum-
mary, the only quaternions that have an inverse are
in the form ck where ¢ € R* and their inverses are

in the form % O

Now, we show with a counterexample why the

operation is not associative. Consider ¢q; = g J—

@k: and go = j. Using carefully the unicity of the
spherical representation, we obtain go X 5(q1 X5q1) =
—k and (g2 Xsq1) Xsq1 = —j. Thus, X is not asso-
ciative and (Im H, x4) cannot be a monoid.

3. THE QUATERNIONIC
MANDELBROT SET

We present here a generalization of the Mandelbrot
set using quaternions. But first, let us recall the
definition of the Mandelbrot set. Let P.(z) = 2%+ ¢
and denote

PM(2) = (P,oPyo---0P.)(2).

n times

Using the function P, we can define the standard
Mandelbrot set as

M = {c € C|{P™(0)}ney is bounded}.
Now, we set ¢ € H instead and we have the following

generalization.

Definition 2. The quaternionic Mandelbrot set is
defined as

My = {c € H|{P™(0)}nen is bounded}.

Since My is a 4D object, we can only visualize
it through 3D projections on 3D subspaces of H.
To classify these subspaces, we will use the same
notation as these Refs. 2124l This brings us to the
following definitions.
Definition 3. Let iy, i}, im € {1,4,7,k} with iy #
i}, ix # im and i) # iy,. The space
H(ik, i], im) = spanR{ik, i], im}

is the vector subspace of H consisting of all real
finite linear combinations of these three distinct
units.
Definition 4. Let iy, ij,im € {1,4,7,k} with i #
i, ix # im and i} # iy. We define a principal 3D
slice of the quaternionic Mandelbrot set My as
H(ika ila im)

= {c € H(ix, i1, im) : {P"(0)}nen is bounded}

= H(ik, i, lm) N My.

Before we present the 3D slices, we present the
following result that can be found in Ref. [Tl

Theorem 5. Consider ¢ = qo + q1@ + g2 + q3k
where p = /¢ + ¢3 + ¢5. We have

q € My c=qy+ pi € M.
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We have four possible combinations of iy, i, iy, €
{1,i,7,k} and the corresponding 3D slices are
H(1,i,7), H(1,4,k), H(L,j,k) and H(i, J, k).

Theorem 6. The 3D slices H(1,1i,7), H(1,i,k) and
H(1,7,k) are rotations of the classical Mandelbrot
set M around the real axis.

Proof. We need to show that for every quaternion
q = qo + q1im + ¢oi; we have

qEMy & qot+iy/@E+q3eM,

where iy, iy € {i,j,k} with iy # i. We show it
directly using Theorem [0 in the particular case
where g € H is in the form g = qo + q1ix + ¢oi}. O

Figure [ shows the slice H(1,4,j). We can see
that it is a rotation of the standard Mandelbrot set
around the real axis. Now, we present the 3D slice
H(i,j, k). We found that the result in Ref. I is
incorrect. The slice is not a sphere but is contained
in a closed ball.

Theorem 7. The 3D slice H(i, j, k) is contained in
a closed ball.

On the Algebraic Foundation of the Mandelbulb

Proof. For all pure quaternions ¢, using Theorem
Bl we have

q € Mu < |q|li € M.

So, ¢ € My if and only if ||¢||7 is in the intersection
between M and the complex imaginary axis. Let
R = max{zi € M}. This maximum exists since M
is closed. Thus, if ||¢|| = R, then ||¢||i € M and so
q € Mp. However, if ||¢|| > R, then ||¢||i ¢ M and
so q ¢ Mp. We conclude that the 3D slice H(i, j, k)
is contained in a closed ball of radius R. O

Figure [2 shows the slice H(i, j, k), we call it the
Metasphere. We can see that the slice is contained
in a 3D ball. However, if we cut this ball, we can
see several nested balls. In fact, there is a sphere
for each intersection point between the Mandelbrot
set M and the imaginary axis. Since M NiR is well
known to be disconnected, as we can see in Fig. [3
we obtain empty spaces between the nested balls.

In summary, the quaternionic Mandelbrot set
has two principal slices which are H(1,4,j) and
H(i,j, k). These slices are, respectively, the rotation
of the standard Mandelbrot set around the real axis

Fig. 1 Representation of the 3D slice H(1,4,j). The internal dynamics is provided by an escape time algorithm from the

Mandelbulb 3D software.

Fig. 2 Representation of the Metasphere, the 3D slice H(3, j, k).
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Fig. 3 Zoom of the intersection between imaginary axis (in
white) and the Mandelbrot set M.

and the Metasphere. We note that this result con-
trasts with the three principal 3D slices (Tetrabrot,
Arrowheadbrot and Mousebrot) of the Mandelbrot
set generalized in the bicomplex space 2124

4. GENERALIZED MANDELBROT
SET IN TRUE 3D

4.1. The Spherical Mandelbrot Set

In this section, we generalize the Mandelbrot set
using the spherical product we defined in Sec. 2l
First of all, we need to define what is a spherical
polynomial using the spherical power.

Definition 5. Let ¢ be a pure quaternion in spher-
ical representation. The spherical power is noted:

sp,(q) := p"(isin(ng) cos(nh) + j sin(neg) sin(nd)
+ k cos(ng)).

Definition 6. A spherical polynomial is defined as

P(q) == an X5 (5p,(q)) + an—1 X5 (sp,—1(q))
+- a1 X q + ag,

where a, # 0, ag,...,a, € ImH, ¢ € ImH and
n € N is the degree of the spherical polynomial

P(q).

Obviously, the spherical power spy(g) is equiv-
alent to the spherical product ¢ x5 q. Now, we
define the spherical Mandelbrot set. Let us consider
the spherical polynomial Q.(q) = spy(q) + ¢ where
q,c € ImH.

Definition 7. The spherical Mandelbrot set is
defined as

Mump = {c € ImH | {Q™(0)},.en is bounded}.

Theorem 8. Let n € N. If q is a pure quaternion
then

Ispn (@I = llgll™.

Proof. Consider ¢ a pure quaternion. By definition
of the spherical representation ||g|| = p. Moreover,
we have

sp,,(q) = p"(isin ng cos nd + j sin ng sin nd
+ k cosng).

We can conclude that [|sp,,(¢)|| = p", since

||li sin ng cos nf + j sinngsinnf + k cosnel| = 1.

V2

Therefore, we have ||sp,,(¢)|| = ||¢]|™ = p™. O

The following lemma is analogous to a lemma
in complex numbers and will be used to prove an
important theorem to generate images of the spher-
ical Mandelbrot set.

Lemma 1. Consider the spherical polynomial
Qc(q) = spa(q) + ¢ where q,¢ € ImH with ||c|| > 2,

then Q" (0)]| > [lell([lell = 1)~ with n > 1.

Proof. We prove it by mathematical induction. For
n =1, we have

1Qe(0)II = lell = llell llell — D',

so the statement is true for n = 1. Suppose the
statement is true for n = k, then

QW) > [lell(flel) — 1",

We now show that the statement is true for n =
k + 1. We have

QYD) = 1Qe(QMe(0))]]
= [lsp5(QL(0) + ¢ll.

Using the triangle inequality, the definition of the
norm and Theorem [, we have

Isp2(Q(0)) + ¢l = Isp2(Q ()] = el
= QM ©O)I* — ell-
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Using the induction hypothesis, we have

QD) lell = (llellllell = 1)*71)> = flell.

Moreover, since |c| > 2, we have (||c[| — 1)*~1 > 1.
Thus, we have

(lellClell = 1)) = el

> Jlel*(flell = 1) — el
> el (flell = 1) = llell(lell = D
= [lelllell = 1) (llefl = 1)

)
= [lef|(flell — 1)*

We obtain QY™ (0)] > |l/l(llc]l — 1)*. Thus, the
statement is true for n = k+41. We showed by induc-
tion that the statement is true for all n > 1.

O

Now, we can show another property of the spheri-
cal Mandelbrot set which is analogous to a property
of the classical Mandelbrot set.

Theorem 9. For all pure quaternions c in the
spherical Mandelbrot set, we have ||c|| < 2.

Proof. Suppose |¢|| > 2. Then, from Lemma [I]
we have [|Q(0)] = [le|(le] — )™ with n > 1.
Thus, we have |]Q((;n)(0)|] — 00, since ||| > 2.
Indeed, (||c|| —1)"1 — oo, when ||¢|| > 2. So, since

||Q((;n) (0)| is not bounded, then ¢ ¢ Miyym. Thus,
by contrapositive, we obtain that if ¢ € My, g, then
el < 2. O

This theorem allows to conclude that the spher-
ical Mandelbrot set is totally included in a ball of
radius 2 centered at 0.

Lemma 2. Let 6 > 0. If ||c]| < 2 and ||QI*(0)|| =

246> 2 form > 1, then [|QUT™(0)]| > 2 + 4n6
where n > 1.

Proof. We prove it by mathematical induction. For
n =1, we have

Q"D (O)]] = (1Qe(Q™ (0))]
= [lsp2(Q™(0)) + |-

On the Algebraic Foundation of the Mandelbulb

Using the triangle inequality, the definition of the
norm and Theorem |, we have

Isp2(QL™ (0)) + ¢l = [[sp2(QE™ (0))[| — el
= [|QE™ (O)II — lle]
= (2+0)* = ell-

But, since ||c|| < 2, we have (2 + 8§)2 — ||| > (2 +
5)? — 2 > 2+ 45. Thus, the statement is true for
n = 1. Suppose the statement is true for n = k,

then ||Q((3m+k) (0)|] > 2+ 4%6. Similar to the case
where n = 1, we have

QI D (0)] = Qe(QE P (o)
= [lsp2(QL"(0)) + ¢l
> [[spo (@™ (O] — e
= 1QU™H ()% — ]l

Using the induction hypothesis and the fact that
lle|| < 2, we have

QU™ (0)]? — |le]| > (2 + 46)* — 2
=2 4 4. 4F5 4 4%k 52
> 2 4 4ktls,

Thus, the statement is true for n = k+1. We showed
by induction that the statement is true for all n > 1.
O

Theorem 10. A pure quaternion c is in the spher-

ical Mandelbrot set if and only if |]Q((;n)(0)|] <2 for
alln.

Proof. The fact that if HQ((;R)(O)H < 2 for all n, then
c € Mimu is a direct consequence of the spherical
Mandelbrot set definition. We now show that if ¢ €
Mimm, then HQ((;n)(O)H < 2for all n. Let ¢ € Mimm.
From Theorem [0 we have ||c[| < 2. Suppose there

exists an n € N such that HQ(Cn) 0)|| = 2+ ¢ for
some § > 0. Then, from Lemma [2] HngJrn) )| >
2+4"¢. Thus, HQ(Cern) (0)|| — oo which means that
1QY(0)|| — oo and that ¢ ¢ Miyg. We have a

contradiction. Therefore, we have ||Q((;n) (0)|l <2 for
all n. O

Theorem [I(]is useful to visualize the set. Indeed,
to generate images using the computer we need to
verify if the iterates are bounded by 2. Figure [4]

2350062-7



Fractals Downloaded from www.worldscientific.com
by 24.48.75.36 on 06/12/23. Re-use and distribution is strictly not permitted, except for Open Access articles.

V. Boily & D. Rochon

(d) IQ Bulb cut for z =0

(b) Mpym cut fory =0

(e) IQ Bulb cut for y =0

(¢) Mimm cut for z=0

(f) IQ Bulb cut for z =0

Fig. 4 Comparison between 2D cuts of the IQ Bulb and the My, g.

shows cuts of the spherical Mandelbrot set. We gen-
erated these images using Python. In black, we can
see the points that are in the set. The points around
the set have been colored according to the iteration

from which ||Q((;n) (0)|l > 2. This method is the same
that is used to generate the Mandelbrot set and its
colors.

4.2. The Mandelbulb

In 2007, Daniel White and Paul Nylander used iter-
ations of spherical coordinates to generate images
using a ray tracing method inspired by other meth-
ods used in Refs. O 17 and I8 They showed
images for the power 8. This fractal is known as
the MandelbulbP2146 Then in 2009, Inigo Quilez
improved the algorithm making it possible to have
a good representation of the power 2, the IQ
Bulb 115 Figure [ shows the IQ Bulb (also called
the Mandeldart). More specifically, Fig. [ shows
slices of the spherical Mandelbrot set in comparison
with slices from the IQ Bulb. We see that the slices
of the IQ Bulb and the spherical Mandelbrot set are
visually the same. Images of the IQQ Bulb have been

Fig. 5 Representation of the IQ Bulb generated with Man-
delbulb 3D.

generated with Mandelbulb 3D and Fig. [ provides
some special zooms in this Mandelbulb power 2.

Now, we present a new set when the spherical
polynomial is of degree m.

Definition 8. Let m € N. The Mandelbrot set
M2 is defined as

Mg = {c € TmH | {Q\7.(0) }nen is bounded},
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Fig. 6 Deep zooms on the Mandeldart.

where ng,)c(q) = sp,,(q) + ¢ is a spherical polyno-
mial.

The following theorems are analogous to theo-
rems showed by Parisé and Rochon in Refs. 23] and
in the case of Multibrots.

Lemma 3. Consider the spherical polynomial
Qm.c(q) = sp,,(q) + ¢ where ¢, ¢ € ImH with m > 2

and [lc|[™=1 > 2, then [Qu%(0)]| > llel|(lle]™* —
D"t with n > 1.

Proof. We prove it by mathematical induction. For
n =1, we have

1Qua O = llell = llell(flel™ =t = 1),

so the statement is true for n = 1. Suppose the
statement is true for n = k, then

QWL = llel(ell™ " = 1)

We now show that the statement is true for n =
k + 1. We have

QWD O = Q. (Q ()]
= || (Qr(0)) + ]l

Using the triangle inequality, the definition of the
norm and Theorem [}, we have

5P (QU(0)) + ¢l = [lsp (QF ()] = lle]
= [IQU(O)™ = [ell-
Using the induction hypothesis, we have

QWL O™ = llell = (el (ell™ = = 1)¥1)™ = lell.

On the Algebraic Foundation of the Mandelbulb

Moreover, since [lc|™ ! > 2, we have (||¢|™ ! —
1)¥=1 > 1. Thus, we have

(lell (el = 1)E=)m™ — el
> [le|™ (lel™ ™t = 1" — el
> [le|™ (lel™ ™ = 1" = flell(flel™ ™t = )"
= llell(flel™ " = DFH(el™ ™t = 1)
= llell(flef ™ = 1.
We obtain [ QWY (O)] > flefl(el™" — 1)¥. Thus,
the statement is true for n = k + 1. We showed by

induction that the statement is true for all n > 1.
O

Theorem 11. For all pure quaternions c in Man-
delbrot set My, we have ||c| < ol/(m—1)

Proof. Suppose ||¢[ > 2/("=1D which is equiva-
lent to |l¢[|™! > 2. Then, from Lemma [, we have
Q)| = [lell (e ™" = 1)"~" with n > 1. Thus,
we have [|Q{"%(0)|| — oo, since [[¢|™ ! —1 > 1. So,

since HQ%Z?C(O)H is not bounded, then ¢ ¢ M 4.
Thus, by contrapositive, we obtain that if ¢ €
M2 g, then [|ef| < 21/(m=1), O

This theorem allows to conclude that the Man-
delbrot set M{" .; is totally included in a ball of
radius 21/(m=1) centered at 0.

Lemma 4. If ||c]| < 2V and |QW(0)|| =
o/ (m=1) 4 5 > 2U/(m=1) for n > 1, then
HQ%Z:]C) (0)|| > 2= 1 (2m)*s where k > 1.

Proof. We prove it by mathematical induction. For
k =1, we have

1RV (O)] = Q. (@S (O]
= s QL% (0)) + .

Using the triangle inequality, the definition of the
norm and Theorem | we have

s (QU%(0)) + ¢
> 5Py (QUL ()| = le]
= QL O)I™ — lle]
= 2V 4 6)™ — |||

2350062-9
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—Z< ) @Dy~ e
>Z( )gl/m Dymei (g g1/m1),

But, since 22/(m=1) > 1 and § > 0, all terms in the
sum are positive. So,

m

=0
- 1

> ol/(m=1)9m _ 1) 4 2m¢
> 21/(m=1) 4 9mg,

Thus, [|QFL(0)]| > 21/(m=1) 4 2m4. The statement
is true for £ = 1. Suppose the statement is true
for k = j, then QW (0)|| > 2Y/m=1 4+ (2m)s.
Similarly to the case where n = 1, we have

IQUE DO = 1Qum, (@5 (0))]
= lspm (@47 (0)) + €|
> Jlspy (Q4” (0))I] = e

= 1QGE O™ — .

Using the induction hypothesis and the fact that
le|l < 2Y/(m=1) | we have

IQGE )™ = el
> (2077 4 (2m)T6)™ — ||

> gm/(m=1) <m) 2(2m)i§ — 21/0m=1)
= 1

> 2l/(m=1) o (9m)i+1s.

Thus, the statement is true for kK = j+1. We showed
by induction that the statement is true for all £ > 1.
O

Theorem 12. A pure quaternion c is in the Man-

delbrot set Ml if and only if HQ%}AO)H <
21/(m=1) for all n.

Proof. The fact that if HQS,??C(O)H < 2V/(m=1) for
all n, then ¢ € M7 1y is a direct consequence of the
spherical Mandelbrot set Mp? 4 definition. We now

show that if ¢ € M7 4, then HQm,c( )| < 2/(m=1)
for all n. Let ¢ € MY . Then, from Theorem [II]
we have ||c|| < 21/(m=1)_ Suppose there exists an n €
N such that HQS,? (0)|| = 2%/0m=1D 4 § for some § >
0. Then, from Lemma [ HQ%Jgk )] > 2¥/m=1) 4
(2m)*§ for all k > 1. Thus, HQ<n+k 0)]] — o0

Which means that HQ%)C( 0)]| — oo and that ¢ ¢
ImH We have a contradiction. Therefore, we have

1Q™.(0)|| < 2Y/(m=1) for all n. -

We found that the boundary is the same as the
one for Multibrots. We use this boundary to gener-
ate the set using Python as shown in Fig. [[l Figure
shows three slices of M? . with divergence lay-
ers. It also shows the disc of radius 2'/7 centered at
0 in white. We see that the set is contained in the
disc as shown in Theorem [[T]

4.3. Variations of the Spherical
Mandelbrot Set

The aim of this section is to introduce other gener-
alizations of the Mandelbrot set that are variations
of the spherical Mandelbrot set presented in the last
section. Specifically, we use a variation of the spher-
ical product when the angles ¢ and 6 does not nec-
essarily vary the same way. Let us start with the

(a) M3 . generated in
Python

Python

(b) MS§ . generated in

(¢) Mandelbulb generated
with Mandelbulb 3D

Fig. 7 Comparison between MISmH and the Mandelbulb.

2350062-10
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(a) Slice when =0

(b) Slice when y =0

(c) Slice when z =0

Fig. 8 Three slices of M?mH with divergence layers.

Fig. 9 The Goldenbulb for the power 2 and 3.

following definitions where the minimal value for
the multipliers of the angles is not required to be 2
as for the previous results.

Definition 9. Let a,b € R. Consider a pure quater-

nion ¢ in its spherical representation. The product

(a,b)

Xs  is denoted

q x\ @) ¢ .= p%(isin(ag) cos(b)
+ j sin(ag) sin(bl) + k cos(ag)).

We note that the variable a is the multiplier of
the angle ¢ when b is the multiplier of the angle 6.

Definition 10. Let a,b € R. The Mandelbrot set
M&% is defined as

Mgty = {c € ImH [{Q(0) }nex is bounded},
where Q" (q) = ¢ x(*” g +c.

The last definition is very general. In this section,
we will study specifically the case of MSHQI% and

/\/léfznlﬁI We note that the special case M%i’ﬁfﬂ) where
@ is the Golden Ratio is called the Goldenbulb for
the power n (see Fig. @ for n = 2, 3).

Now, we present the set M&% that is shown
in Fig. [0 The following theorem shows that the

(1,2)
ImH"

Fig. 10 Representation of the Bulbic case, the set M
slice when z = 0 has the same dynamics as the
Mandelbrot set. Figure[[Tlshows this slice generated
with Python.

Theorem 13. The slice when z = 0 of the Man-

delbrot set M%rln% has the same dynamics as the
Mandelbrot set M in the complex plane.

Proof. Consider ¢ a quaternion in the xy plane and
¢ a complex number which have the same represen-
tation of an arbitrary point (a, b) in their respective
plane. Thus, we have ¢ = ai+bj and ¢ = a+ bi. We

show that Q((]n)(()) and Pc(n)(O) have also the same

2350062-11
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(a) Generated in Python

(b) Generated with Mandelbulb 3D

Fig. 11 Comparison of the z = 0 slice of M2 and the bulbic Mandelbrot set.

representation which means that

Q((zn) (0) = pn(icos B, + jsinf,) and

PM™(0) = p,(cos by, +isinb,).

We show it using induction on n. For n = 1, we
have, from the unique spherical representation of a
pure quaternion,

QM (0) =4
=at+bj
= p1(isin(mw/2) cos 01 + j sin(mw/2) sin 61
+ kcos(m/2))
= p1(icosfy + jsinby),
where p; = Va2 + b2 and #; = arctan2(b, ) with

0 < 61 < 27. Moreover, we have, using the unique
polar representation of a complex number,

PY(0) = ¢
=a+b
= p1(cosf; +isinby),
where p; = Va? + b2 and 6; = arctan2(b,a) with

0 < 61 < 27. Thus, the statement is true for n = 1,
since we have

QM(0)
PM(0) =

p1(icosf; + jsinfy) and
1(cos By +isinfy).

Now, we suppose that the statement is true for
n = m and we show it is true for n = m + 1.
From the induction hypothesis, the unique spherical

Im H

representation of Q((Jm) (0) is

Q((Im) (0) = pm(isin(m/2) cos Oy,
+ jsin(m/2) sin 6,,, + k cos(7/2)).
So, we have
QY (0) = QM (0) x{"? QM (0) +4

= p2,(isin(m/2) cos 20,,
+ jsin(mw/2) sin 260,, + k cos(7/2))
+ p1(icos @y + jsinby)

= (p?, cos 20,, + pycosby)i
+ (p2, 8in 20,, + py sin 61)3.

Moreover, we have, using the De Moivre formula
and the induction hypothesis,

P 0(0) = [PIM(0)] + ¢

= [pm(cos By, + isinb,,))?
+ p1(cos by + isinby)

= p2 (cos 20,, + isin 26,,)
+ p1(cos @y + isinby)

= (p?, cos 20,, + p1 cos by)
+ (p2, sin 26, + py sin 0y )i.

We obtain that Q((Imﬂ)(()) and Pc(m+1)(0) have the

same components and therefore can be rewritten in
unique representation in this way:

Q((]mﬂ)(()) = Pm+1(1 08 Oppt1 + jsinbOp,11)

2350062-12
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and
P (0) = s 1(c08 Oy + i8I0 0y p1).

Thus, since the statement is true for n = m + 1, it
is also true for all n > 1. Therefore, since the iter-

ates have the same representation in their respective

plane, we conclude that the z = 0 slice of Mgnzﬁl is

visually the same as the complex Mandelbrot set.
O

The following theorem links the quaternionic

rotation and the product xgm). In fact, this prod-
uct can be interpreted as a quaternionic product.

Theorem 14. Let q be a pure quaternion. Then,
q xgm) q = p(cos(8/2) + ksin(6/2))q(cos(6/2)
— ksin(6/2)),
where p and 0 are, respectively, the radius and the
angle of the spherical representation of q.
Proof. Consider ¢ a pure quaternion and its spher-
ical representation
q = p(isin ¢ cosf + jsin psin O + k cos ¢).
So, replacing ¢ in the following equation
p(cos(6/2) + ksin(6/2))q((cos(0/2) — ksin(6/2))
we have
p*lcos(6/2) + ksin(0/2)]
X [isin ¢ cos B + jsin ¢sin 6 + k cos ¢
X [(cos(0/2) — ksin(0/2)].

Now, by multiplying the terms and by using
trigonometric identities we obtain

p?(isin ¢ cos(260) + jsin ¢ sin(26) + k cos ¢).
Thus,
q %1% ¢ = p(cos(0/2) + ksin(6/2))
x q(cos(0/2) — ksin(0/2)). O

Theorems 2 and [[4] allow us to conclude that the
product Xgl’Q is equivalent to a rotation of 6 around
the vector k when ¢ is unitary.

The other variation case of the spherical Man-
delbrot set that we present is the set Mgnl[gl The
following theorem shows a link between this set and
the quaternionic Mandelbrot set.

Theorem 15. The Mandelbrot set M%?n% has the
same dynamics as the 3D slice H(1,i,j) of the
quaternionic Mandelbrot.

On the Algebraic Foundation of the Mandelbulb

Proof. Consider a pure quaternion ¢ = ak+bi+cj
in the 3D space and a quaternion p = a + bt + cj.
These two quaternions represent the same point
(a,b,c) in their respective space. We show that

Q((In) (0) and PISn) (0) have also the same represen-
tation which means that

() () — - M)]
Qq (0) Pn |:k COS ¢7’L + sin ¢n(\/m

and

. bi + cj
" (0) = pp |cos ¢y, + sin g N

We show it by mathematical induction on n. For
n = 1, we have, from the unique spherical represen-
tation of a pure quaternion,

Q(0) =4
=ak +bi+cj
= p1(isin ¢ cos O + j sin ¢y sin 0 + k cos ¢1),

where p; = Va?+0>+ 2, ¢1 = arccos(a/p1),

b : c
= —— and sinf = —. we hav
cos 0 =—; and sin ¢ 72— S0, we have

‘ bi 4 e
Q((Il)(O) = [k‘ cos ¢1 + sin ¢y (\/%)]

Moreover, we have, from the unique polar represen-
tation of a quaternion,

=a+bi+cj

. bi +cj
= [COS ¢1 + sin ¢y <\/TTLZQ>}

where p; = Va? + b%+ ¢ and ¢ = arccos(a/p1).
So, the statement is true for n = 1 since we
have

Q((Il)(()) = [k oS ¢1 + sin ¢y (\/b%)}

and

. bi +cj
(1) - - -
Pp (O) =p1 |:COS D1 +squ51< = 02>]

Now, we suppose that the statement is true for n =
m and we show that it is true for n = m + 1. From

2350062-13
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the induction hypothesis, we have

bi +cj
(m) () = i e EC
Qq (O)_pm kCOS¢m+Sln¢m<m>:|-
By rewriting this quaternion in unique spherical
representation, we obtain

Q((;m) (0) = pm(k cos ¢, + i cos Osin ¢y,
+ 7 sin@sin ¢y,

b : _ c
T and sin 6 TR

since cos =

Thus, we
have

Q" V(0) = QM (0) Y QM (0) + ¢
= p2(k cos(2¢,,) + i cos O sin(2¢m,)
+ jsinOsin(2¢,,))
+ p1(k cos ¢1 + i cos 0 sin ¢y
+ jsinfsin ¢q)
= icos O(p?, sin(2¢,,) + p1sin @)
+ jsin 0(p?, sin(2¢,) + p1 sin ¢1)
+ k(p2, cos(20m) + p1 cos ¢1)
= (pp, sin(20m) + p1 sin ¢1)
x (icos @ + jsin @) + k(p2, cos(2¢m)
+ p1 cos ¢1)
= (p2, sin(20) + p1sin 1) <7b22++cjc 2)
+ k(p2, cos(2¢m) + p1 cos ¢1).

Moreover, we have, using the De Moivre quater-
nionic formula (Theorem [) and the induction
hypothesis,

P (0) = [BI™(0) + ¢

_ 2 [COS(Qtﬁm) T sin(26,,) (%H

. bi+cj
+ pl |:COS ¢1 + Sin ¢1 (\/TT‘ZQ)}

= (pfn cos(2¢m) + p1 cos ¢1)

o
(=L ) (92 sinczon)

+ p1sin¢r).

We obtain that Q((]m+1)(0) and Pc(m+1)(0) have the

same components and therefore can be rewritten in

unique representation in thy way:

Q((JmH) (0) = pmt1 [k COS Pmt1

) bi 4 cj
e (G5

and

P (0) = s [COS Pm+1

. bi + cj
+ sin @41 \/ﬁ .

Thus, since the statement is true for n = m + 1, it
is also true for all n > 1. Therefore, since the iter-
ates have the same representation in their respective
space, we conclude that the slice H(1,14,7) and the

set /\/lgnl[gI are visually the same. O

Since, we showed in Theorem [6] that the slice
H(1,1,j) visually represents a rotation of the Man-
delbrot set around the real axis, we can conclude
using Theorem [I5] that the set ./\/lgnl[gI also visually
represents a rotation of the Mandelbrot set around

an axis.

5. CONCLUSION

In this paper, we used spherical coordinates to gen-
eralize the Mandelbrot set in 3D. We presented sev-
eral generalizations. One of them was visually the
same as the so-called Mandelbulb. We bounded this
set, so we could generate 2D cuts with divergence
layers. We also established a link between a varia-
tion of the spherical Mandelbrot set and a 3D slice
of the quaternionic Mandelbrot set.

In subsequent works, it could be interesting to
generalize the Mandelbrot set in the same way we
did in this paper, but using the geographic coordi-
nates system (GCS). These coordinates are used like
spherical coordinates, but the angles are restricted
in this way: —7/2 < ¢ < 7/2 and —7w < 0 < 7.
As we can see in Ref. [12] fractals generated with
these coordinates are not the same as with the stan-
dard spherical coordinates even if the images for
the power 8 look identical. In fact, the morpho-
logical difference appears clearly for the power 2,
where the GCS case seems to contain the Man-
delbrot set. Another interesting avenue of research
would be to generalize Julia sets with the spherical
product.
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