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@ Bicomplex numbers, just like quaternions, are a generalization of
complex numbers by means of entities specified by four real
numbers. These two number systems, however, are different in two
important ways: quaternions, which form a division algebra, are
noncommutative, whereas bicomplex numbers are commutative but
do not form a division algebra.
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@ Bicomplex numbers, just like quaternions, are a generalization of
complex numbers by means of entities specified by four real
numbers. These two number systems, however, are different in two
important ways: quaternions, which form a division algebra, are
noncommutative, whereas bicomplex numbers are commutative but
do not form a division algebra.

@ Division algebras do not have zero divisors, that is, nonzero elements
whose product is zero. Many believe that any attempt to generalize
quantum mechanics to number systems other than complex numbers
should retain the division algebra property. Indeed considerable work
has been done over the years on quaternionic quantum mechanics.
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@ In the past few years, however, it was pointed out that several
features of quantum mechanics can be generalized to bicomplex
numbers. A generalization of Schrodinger’s equation for a particle in
one dimension was proposed, and self-adjoint operators were defined
on finite-dimensional bicomplex Hilbert spaces. Recently, eigenvalues
and eigenfunctions of the bicomplex analogue of the quantum
harmonic oscillator Hamiltonian were obtained in full generality.
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@ In the past few years, however, it was pointed out that several
features of quantum mechanics can be generalized to bicomplex
numbers. A generalization of Schrodinger’s equation for a particle in
one dimension was proposed, and self-adjoint operators were defined
on finite-dimensional bicomplex Hilbert spaces. Recently, eigenvalues
and eigenfunctions of the bicomplex analogue of the quantum
harmonic oscillator Hamiltonian were obtained in full generality.

@ The perspective of generalizing quantum mechanics to bicomplex
numbers motivates us in developing further mathematical tools

related to finite-dimensional bicomplex Hilbert spaces and operators
acting on them.
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Bicomplex numbers are defined as

T := {Z]_ + 20 | Z1,2p € (C(il)}
;=0 =

(1)

where the |mag|nary units iy, iz and j are governed by the rules
—1,j?=1and

il = hip = ],
ij = jiin = —iy,
bj = jii = —h.

()
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Bicomplex numbers are defined as

T := {z]_ —+ 22i2 | Z1,20 € (C(il)}

(1)
where the imaginary units iy, iz and j are governed by the rules:
|1_|2 -1, j =1 and
iz = i = ],
ij = ji = —i (2)
i2j Jjiz = —i.
e Note that we define C(ix) := {x + yix | i? = —1 and x,y € R} for
k=1,2.
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In fact, the bicomplex numbers
T = Cle(1,0) = Cle(0,1)

are unique among the complex Clifford algebras in that they are

commutative but not division algebra. It is also convenient to write the

set of bicomplex numbers as

T := {wy + wiiy + waia + waj | wo, wy, wa, ws € R}

3))
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In fact, the bicomplex numbers
T = Cle(1,0) = Cle(0,1)

are unique among the complex Clifford algebras in that they are
commutative but not division algebra. It is also convenient to write the
set of bicomplex numbers as

T := {wo + wiir + waiz + w3j | wo, wi, wa, w3 € R}. (3)

v

@ In particular, if we put z; = x and z, = yi; with x,y € R in
z1 + zoip, then we obtain the following subalgebra of hyperbolic
numbers, also called duplex numbers:

D:={x+yjlji*=1 x,y € R} = Clg(0,1).
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In fact, the bicomplex numbers
T = Cle(1,0) = Cle(0,1)

are unique among the complex Clifford algebras in that they are
commutative but not division algebra. It is also convenient to write the
set of bicomplex numbers as

T := {wo + wiir + waiz + w3j | wo, wi, wa, w3 € R}. (3)

v

@ In particular, if we put z; = x and z, = yi; with x,y € R in
z1 + zoip, then we obtain the following subalgebra of hyperbolic
numbers, also called duplex numbers:

D:={x+yjlji*=1 x,y € R} = Clg(0,1).

@ Zero divisors make up the so-called null cone NC. That terminology
comes from the fact that when w is written as z; + zis, zero
divisors are such that z? + z2 = 0.
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@ Complex conjugation plays an important role both for algebraic and
geometric properties of C. For bicomplex numbers, there are three
possible conjugations. Let w € T and z;,z; € C(i1) such that
w = z1 + ziz. Then we define the three conjugations as:

«O>» «Fr «E» « 3 = Q>



Introduction
Preliminaries Bicomplex Numbers

Finite-Dimensional Hilbert Spaces Conjugation and Moduli
Bicomplex Spectral Decomposition Theorem Idempotent Basis
Applications

@ Complex conjugation plays an important role both for algebraic and
geometric properties of C. For bicomplex numbers, there are three
possible conjugations. Let w € T and z;,z; € C(i1) such that
W = z; + zpip. Then we define the three conjugations as:

WT1 = (21 + Zziz)Tl = Z1 + Z»io, (4a)
wh = (z1 + Zziz)Jr2 = 21 — 2, (4b)
wh = (21 + Zziz)T3 ‘= Z1 — Zpio, (4C)

where Zj is the standard complex conjugate of complex numbers
ZK € (C(il).
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We know that the product of a standard complex number with its
conjugate gives the square of the Euclidean metric in R?. The analogs of
this, for bicomplex numbers, are the following. Let 7,z € C(i;) and

w = z1 + zip € T, then we have that:

lw[ == w- w2 € C(iy), (5a)
Iw|2 = w-wit € C(ip), (5b)
|W|J2 =w-w'eD. (5¢)
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We know that the product of a standard complex number with its
conjugate gives the square of the Euclidean metric in R?. The analogs of
this, for bicomplex numbers, are the following. Let 7,z € C(i;) and

w = z1 + zip € T, then we have that:

|W\,21 =w-whe C(i1), (5a)
|W\,22 =w-whe C(ip), (5b)
|W|J2 =w-wheD. (5¢)

In this talk we will often use the Euclidean R* norm defined as

Wl = Vl]zP + |2 = /Re(|w[}) . (6)
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@ It is also important to know that every bicomplex number

where e; = % and e; =

w = z; + zip has the following unique idempotent representation:

1§

71 + 2ip = (21 — Zzil)el + (21 + Zzil)ez.
>
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@ It is also important to know that every bicomplex number
w = z; + 2ip has the following unique idempotent representation:

71 + zip = (21 — 2i1)e1 + (z1 + zi1)er. (7)
where e; = +’ and ey = %
@ From this, we can introduce two projection operators

11 (21 + zi2) € T — (21 + 2i2)7 € C(iy), (8)

(21 + 22I2) €T — (Zl + Zzlz) € (C(I]) (9)
where (z; + 22i2)i = (21 — 2i1) and (z1 + 2i2)5 = (21 + 22i1). The
caret notation explicitly refer to the factor of ex of the idempotant
decomposition.
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@ It is also important to know that every bicomplex number
w = z; + 2ip has the following unique idempotent representation:
71 + ziy = (21 — 2i1)e1 + (z1 + zir)e. (7)

where e; = 1 and ep = 1.

@ From this, we can introduce two projection operators
Pi : (z1 4 zi2) € T — (21 + 2zi2)7 € C(iy), (8)
P - (21 + 22i2) €T — (Zl + Zzi2)§ € (C(il). (9)

where (z1 + zi2); = (21 — zi1) and (z1 + zi2)5 = (21 + zi1). The
caret notation explicitly refer to the factor of ex of the idempotant
decomposition.

@ The projection operators Py have the interesting properties

[P = Px, Pie1 + Pyex = Id, k=12, (10)
and for s, t € T, we have

Pk(S + t) = Pk(S) + Pk(t), Pk(s- t) = Pk(s) . Pk(t), k=1,2.
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@ Bicomplex numbers make up a commutative ring. What vector

spaces are to fields, modules are to rings. A module defined over the
ring T of bicomplex numbers will be called a T-module.

«O>» «Fr <> «=)» = QA



Introduction

Breliminaries -ModuleiSpaces

_— a q i Bicomplex lar Produ
Finite-Dimensional Hilbert Spaces icomplex Sca oduct
) i Hilbert spaces
Bicomplex Spectral Decomposition Theorem s
Py Orthonormalization
Applications

@ Bicomplex numbers make up a commutative ring. What vector
spaces are to fields, modules are to rings. A module defined over the
ring T of bicomplex numbers will be called a T-module.

Definition

A basis of a T-module is a set of linearly independent elements that
generate the module.?

?The term "“basis” here should not be confused with the same word appearing in
“idempotent basis".
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@ Bicomplex numbers make up a commutative ring. What vector
spaces are to fields, modules are to rings. A module defined over the
ring T of bicomplex numbers will be called a T-module.

Definition

A basis of a T-module is a set of linearly independent elements that
generate the module.?

?The term "“basis” here should not be confused with the same word appearing in
“idempotent basis".

@ A finite-dimensional free T-module is a T-module with a finite basis.
That is, M is a finite-dimensional free T-module if there exist n
linearly independent elements (denoted |m;)) such that any element
|10} of M can be written as

) :ZW/|m/>7 (11)
I=1
with w; € T. We have used Dirac’s notation for elements of M
which, following, we will call kets.
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@ An important subset V of M is the set of all kets for which all w;
in (11) belong to C(i1). In other words, V is the set of all |¢) so

W}) = ZXI|mI>, X € (C(il).
1=1
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@ An important subset V of M is the set of all kets for which all w;
in (11) belong to C(i1). In other words, V is the set of all |¢) so

that

lv) = ZX/|”7/>, x; € C(i1). (12)
=1

It is easy to see that V is a vector space over the complex numbers,
and that any [1)) € T can be decomposed uniquely as

[} = e1Y)g + e2vh)s = erPr([¥) + e2P2 ([¥)) . (13)

D. Rochon
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An important subset V of M is the set of all kets for which all w;
in (11) belong to C(i1). In other words, V is the set of all |¢) so
that

lv) = ZX/|”7/>, x; € C(i1). (12)
=1

It is easy to see that V is a vector space over the complex numbers,
and that any [1)) € T can be decomposed uniquely as

[} = e1Y)g + e2vh)s = erPr([¥) + e2P2 ([¥)) . (13)

Here [¢))z € V and Py is a projector from M to V' (k = 1,2). One
can show that ket projectors and idempotent-basis projectors
(denoted with the same symbol) satisfy

Pi (s[t) + tlg)) = Pk (s) P (1¥)) + Px (t) P (19)) - (14)
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We now define two important subsets of M.

Vk = €k V.

For k = 1,2, Vi := {ex > /_; xi|ms) | x; € C(i1)}. Or succinctly,
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We now define two important subsets of M.

For k = 1,2, Vi := {ex > /_; xi|ms) | x; € C(i1)}. Or succinctly,
Vk = €k V.

to V and with ex|m,) as basis elements. All three vector spaces V,
Vi and V5, are useful.

«O>» «F» «=» 4« = Q>

o Clearly, Vi is an n-dimensional vector space over C(i1), isomorphic
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We now define two important subsets of M.
Definition

For k =1,2, Vi :={ex >_/_; xi/mi) | x; € C(i1)}. Or succinctly,
Vk = €k V.

o Clearly, Vi is an n-dimensional vector space over C(iy), isomorphic
to V and with ex|m;) as basis elements. All three vector spaces V/,
Vi and V5, are useful.

@ Although V depends on the choice of basis {|m;)}, V4 and V5, do
not. This comes from the fact that any element of V4 (for instance)
can be written as e1]y), with [¢) in M. Clearly, this makes no
reference to any specific basis.
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The module M, defined over the ring T, has n dimensions. We now show
that the set of elements of M can also be viewed as a 2n-dimensional
vector space over C(i1), which we shall call M’. To see this, we write in
the idempotent basis the coefficients w; of a general element of M. We
get

n

|¢> = Z(elwl]_ + €rW;5 |ml Z Wllel‘m/ + Z W/2e2|ml (15)

=1
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The module M, defined over the ring T, has n dimensions. We now show
that the set of elements of M can also be viewed as a 2n-dimensional
vector space over C(i1), which we shall call M’. To see this, we write in
the idempotent basis the coefficients w; of a general element of M. We
get

n

|1/J> = Z(elwl]_ + €rW;5 |ml Z Wllel‘m/ + Z W/2e2|ml (15)

=1

It is not difficult to show that the 2n elements e;|m;) and ez|m;)
(I'=1...n) are linearly independent over C(i1). This proves our claim
and, moreover, proves

Theorem
M = Vi V.
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It is well known that all bases of a finite-dimensional vector space have
the same number of elements. This, however, is not true in general for
modules. However, for T-modules we have

Let M be a finite-dimensional free T-module. Then all bases of M have
the same number of elements.

v
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It is well known that all bases of a finite-dimensional vector space have
the same number of elements. This, however, is not true in general for
modules. However, for T-modules we have

Theorem

Let M be a finite-dimensional free T-module. Then all bases of M have
the same number of elements.

With the projections Py defined with respect to the |my), it is obvious
that Py(|m;)) = |m;) (k =1,2). This is a direct consequence of the
identity |m;) = e1|m;) + ez2|m;). Hence {Px(|m;)) | I=1...n} is a basis
of V. It turns out that the projection of any basis of M is a basis of V.
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@ A bicomplex linear operator A is a mapping from M to M such that,
for any s,t € T and any |¢), |¢) € M,

Alsl) + t19)) = sAly) + tA|¢).
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@ A bicomplex linear operator A is a mapping from M to M such that,
for any s,t € T and any |¢), |¢) € M,

Alsl) + tl9)) = sAli) + tA|g). (16)
A bicomplex linear operator A can always be written as
A =e1A; + erA;s = e1Pi(A) + e2P2(A). (17)
By definition, we have that (k = 1,2)

P (A) ) = P (Alg)) V) e M. (18)
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@ A bicomplex linear operator A is a mapping from M to M such that,

for any s,t € T and any |¢), |¢) € M,

A(sli6) + £16)) = sAl) + tAlg).
A bicomplex linear operator A can always be written as
A =e1A; + erA;s = e1Pi(A) + e2P2(A).
By definition, we have that (k = 1,2)
P (A) ) = P (Alg)) V) e M.

Clearly one can write

Alp) = e1Az]1h)7 + e2A5]1)5.

D. Rochon Bicomplex Hilbert Spaces
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A ket [1)) belongs to the null cone if either [¢)); = 0 or [1))5 = 0. A linear
operator A belongs to the null cone if either A; =0 or A; = 0.
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Definition
A ket [¢)) belongs to the null cone if either |¢))3 = 0 or [¢))5 = 0. A linear
operator A belongs to the null cone if either A; = 0 or A; = 0.

@ The following definition adapts to modules the concepts of
eigenvector and eigenvalue, most useful in vector space theory.

Definition
Let A: M — M be a bicomplex linear operator and let
Alp) = Aly), (20)

with XA € T and |¢)) € M such that [)) ¢ NC. Then X is called an
eigenvalue of A and |1) is called an eigenket of A.
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Definition
A ket [¢)) belongs to the null cone if either |¢))3 = 0 or [¢))5 = 0. A linear
operator A belongs to the null cone if either A; = 0 or A; = 0.

@ The following definition adapts to modules the concepts of
eigenvector and eigenvalue, most useful in vector space theory.

Definition
Let A: M — M be a bicomplex linear operator and let
Alp) = Aly), (20)

with XA € T and |¢)) € M such that [)) ¢ NC. Then X is called an
eigenvalue of A and |1) is called an eigenket of A.

@ Just as eigenvectors are normally restricted to nonzero vectors, we
have restricted eigenkets to kets that are not in the null cone.

D. Rochon Bicomplex Hilbert Spaces
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We will used the following definition of a bicomplex scalar product
where the physicists' convention is used.

Definition

Let M be a finite-dimensional free T-module. Suppose that with each

pair |¢) and |@) in M, taken in this order, we associate a bicomplex
number (|1), |¢)) which, V|x) € M and Vo € T, satisfies

© ([9),10) +1x)) = (1¥2, 1)) + (142, [x)):
Q (), al¢)) = a(l), |9));
© ([v),19) = (I¢), [¥));
Q (|¥),]¥)) =0if and only if [¢)) =0 .
Then we say that (|1), |¢)) is a bicomplex scalar product.

D. Rochon Bicomplex Hilbert Spaces
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We will used the following definition of a bicomplex scalar product
where the physicists' convention is used.

Definition

Let M be a finite-dimensional free T-module. Suppose that with each

pair |¢) and |@) in M, taken in this order, we associate a bicomplex
number (|1), |¢)) which, V|x) € M and Vo € T, satisfies

© ([9),10) +1x)) = (1¥2, 1)) + (142, [x)):
@ ([9),al9)) = a(|),[4));
© ([v),19) = (I¢), [¥));

Q (|¥),]¥)) =0if and only if [¢)) =0 .
Then we say that (|1), |¢)) is a bicomplex scalar product.

Property 3 implies that (|¢), |¢))) € D. Definition 2 is very general. In
this paper we shall be a little more restrictive, by requiring the bicomplex
scalar product to be hyperbolic positive, that is,

(), 1)) DT, V[y) € M. (21)

D. Rochon Bicomplex Hilbert Spaces



Let {|m)} be a basis of M and let V be the associated vector space. We
have ([¢),[#)) € C(i)-

say that a scalar product is C(i1)-closed under V if, V|y), |¢) € V, we
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Definition

Let {|m)} be a basis of M and let V be the associated vector space. We
say that a scalar product is C(i1)-closed under V if, V|y), |¢) € V, we
have ([¢),[#)) € C(i)-

We note that the property of being C(iy)-closed is basis-dependent. That
is, a scalar product may be C(i1)-closed under V defined through a basis
{|m)}, but not under V' defined through a basis {|s;)}. However, one
can show that for k = 1,2, the following projection of a bicomplex scalar
product:

()7 = Pu((-,7)) : M x M — C(iy) (22)

is a standard scalar product on V) as well as on V.

D. Rochon Bicomplex Hilbert Spaces



Now, we present this following important decomposition.

Let |¢), |¢) € M, then

(1), |9)) = ex([¥), [B)2)s + ea(]¥)s, |9)3)5.

(23)
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Now, we present this following important decomposition.

Let |¢), |¢) € M, then

(1), |9)) = ex([¥), [B)2)s + ea(]¥)s, |9)3)5.

(23)
Theorem 4 is true whether the bicomplex scalar product is C(i1)-closed
under V or not. When it is C(iy)-closed, we have for k = 1,2

(1), 190z = P (1), 1)) = (1), 19)) ,

V), le) e V. (24)
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e Since (-, ) is a standard scalar product when the vector space M’ is
restricted to V or Vi, then (V,(-,-)z) and (Vi, (-, -)z) are complex
(C(i1)) pre-Hilbert spaces. Hence, (Vk, (-,-)z) are finite-dimensional
normed spaces over C(i1). Therefore they are also complete metric
spaces. Hence V and Vj are complex (C(i1)) Hilbert spaces.
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e Since (-, ) is a standard scalar product when the vector space M’ is
restricted to V or Vi, then (V,(-,-)z) and (Vi, (-, -)z) are complex
(C(i1)) pre-Hilbert spaces. Hence, (V,(7(~7 )z) are flmte dimensional
normed spaces over C(i1). Therefore they are also complete metric
spaces. Hence V and Vj are complex (C(i1)) Hilbert spaces.

@ Let |9)x) and |¢k) be in Vi for k = 1,2. On the direct sum of the
two Hilbert spaces V; and V5, one can define a scalar product as
follows:

([t1) @ [1h2),[01) @ |¢2)) = (1), |91))5 + (Wh2), [d2))5.  (25)

Then M’ = V; @ V5 is a Hilbert space.
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From a set-theoretical point of view, M and M’ are identical. In this
sense we can say, perhaps improperly, that the module M can be
decomposed into the direct sum of two classical Hilbert spaces, i.e.
M = Vi & V,. Now let us consider the following norm on the vector

space M':

)| f¢ 6)7:16)7); + (1), 19)3)5 - (26)

D. Rochon
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From a set-theoretical point of view, M and M’ are identical. In this
sense we can say, perhaps improperly, that the module M can be
decomposed into the direct sum of two classical Hilbert spaces, i.e.
M = Vi & V,. Now let us consider the following norm on the vector
space M':

16)]] f¢ ). 16)5)5 + (19)2:16)2)5 - (26)
Making use of this norm, we can define a metric on M:

d(16), [¥)) = |[l6) — [¥)]]- (27)

With this metric M is complete, and therefore a bicomplex Hilbert
space.

D. Rochon Bicomplex Hilbert Spaces
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From a set-theoretical point of view, M and M’ are identical. In this
sense we can say, perhaps improperly, that the module M can be
decomposed into the direct sum of two classical Hilbert spaces, i.e.
M = Vi & V,. Now let us consider the following norm on the vector
space M':

16)]] f¢ ). 16)5)5 + (19)2:16)2)5 - (26)
Making use of this norm, we can define a metric on M:

d(16), [¥)) = |[l6) — [¥)]]- (27)

With this metric M is complete, and therefore a bicomplex Hilbert
space. We note that a bicomplex scalar product is completely
characterized by the two scalar products (-,-)z on V. In fact, if (-, )3
and (-, -)5 are two arbitrary scalar products on V/, then (-, -) defined in
(23) is a bicomplex scalar product on M.
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@ The fact that a basis of V' can always be orthonormalized have the
interesting consequence that it is always possible to construct an
orthonormalized basis in M when the bicomplex scalar procduct is
C(i1)-closed under V. Indeed, let {|u;)} be a orthonormalized basis
of V and let us construct the kets {|v;)} as |v;) := e1|u;) + ea|u;)
for i € {1,...,n}. Then, we have

(Ivi): 1)) = ex ([ui), |uj)) + ez (Jui), [uj)) = dy(er + e2) = dj. (28)

D. Rochon Bicomplex Hilbert Spaces
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@ The fact that a basis of V' can always be orthonormalized have the
interesting consequence that it is always possible to construct an
orthonormalized basis in M when the bicomplex scalar procduct is
C(i1)-closed under V. Indeed, let {|u;)} be a orthonormalized basis
of V and let us construct the kets {|v;)} as |v;) := e1|u;) + ea|u;)
for i € {1,...,n}. Then, we have

(Ivi): 1)) = ex ([ui), |uj)) + ez (Jui), [uj)) = dy(er + e2) = dj. (28)

@ Thus, {|v;)} is an orthonomalized basis of M. Unfortunately, the
same specific process cannot be used if we take another basis of M
because the bicomplex scalar product will not be automatically
C(i1)-closed under the new vector space V' associated with a new
basis on M. However, using the representation (23) with V; and V5,
it is always possible to construct an orthonormalized basis in M. In
fact, let M be a finite-dimensional free T-module and let {|s/)} be
an arbitrary basis of M. Then one can always find bicomplex linear
combinations of the |s;) which make up an orthonormal basis.

D. Rochon Bicomplex Hilbert Spaces



It is interesting to noted that the normalizability of a ket required the
property (|1),[¢)) € DF, V|¢)) € M. Let us write

(Im1),|m1)) = age1 + asez with a3,a5 € R, and let

|m}) = (ze1 + zz€2)[m1).
with z;, z5 € C(i1) and z; # 0 # z.

«O>» «Fr <> «=)» = QA



Introduction

Preliminaries

Finite-Dimensional Hilbert Spaces
Bicomplex Spectral Decomposition Theorem
Applications

T-Module Spaces
Bicomplex Scalar Product
Hilbert spaces
Orthonormalization

It is interesting to noted that the normalizability of a ket required the
property (|1), |¢)) € DT, V]i)) € M. Let us write
(Im1),|m1)) = ae1 + asez with aj, a5 € R, and let

m) = (ze1 + ze2)|m).
with z;,zs € C(iy) and z # 0 # z5. From this, we have

(Im), [m1)) = (Iz7]%e1 + |z5[*e2) (Im1), |m1))

=(
= (Iz/e1 + |z5]°e2)(a7e1 + ase2)

crager + Gazey,

with G = |Z/I;|2 € RT.
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It is interesting to noted that the normalizability of a ket required the
property (|1), |¢)) € DT, V]i)) € M. Let us write
(Im1),|m1)) = ae1 + asez with aj, a5 € R, and let

m) = (ze1 + ze2)|m).
with z;,zs € C(iy) and z # 0 # z5. From this, we have

(Im),|m)) = (1z;°e1 + [z5[°e2) (|m1), [m1))
= (Iz1]%e1 + |z3°e2) (a7€1 + a3€2)

= ¢ae1 + Gazey,
with ¢; = |z|* € R*. The normalization condition of |m}) becomes
cpajel + Gasex = 1,

or gag =1 . This is possible only if a3, a5 > 0 or, in other words

() ) € B

D. Rochon Bicomplex Hilbert Spaces
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Let f : M — T be a linear functional on M. Then there is a unique
¥) € M such that V|¢), f(|$)) = (Iv)),|9)).
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Theorem
Let f : M — T be a linear functional on M. Then there is a unique

1) € M such that ¥|¢), f(|$)) = (|1),[9))-

Proof.

We make use of the analogue theorem on V/, with the functional Py(f)
restricted to V. The theorem shows that for each kK = 1,2, there is a
unique [¢x) € V such that

Pi(F)(10)z) = (Itox), 10)%)7 -

Making use of the decomposition of the bicomplex scalar product, we
find that |¢) := e1|t1) + e2]1)2) has the desired properties. O

D. Rochon Bicomplex Hilbert Spaces



Introduction

Preliminaries

Finite-Dimensional Hilbert Spaces
Bicomplex Spectral Decomposition Theorem
Applications

Self-Adjoint Operators
Spectral Decomposition Theorem

In the last Theorem, we showed that with finite-dimensional free
T-modules, linear functionals are in one-to-one correspondence with kets
and act like scalar products. This allows for the introduction of Dirac’s
bra notation and the alternative writing of the scalar product (|¢), |¢)) as

(¥]0).
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In the last Theorem, we showed that with finite-dimensional free
T-modules, linear functionals are in one-to-one correspondence with kets
and act like scalar products. This allows for the introduction of Dirac’s
bra notation and the alternative writing of the scalar product (|¢), |¢)) as
(616).

The bicomplex adjoint operator A* of A is the unique operator that
satisfies

(1), Alg)) = (A*[),[9)), Vi), |d) € M. (29)
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In the last Theorem, we showed that with finite-dimensional free
T-modules, linear functionals are in one-to-one correspondence with kets
and act like scalar products. This allows for the introduction of Dirac’s
bra notation and the alternative writing of the scalar product (|¢), |¢)) as
(616).

The bicomplex adjoint operator A* of A is the unique operator that
satisfies

(1), Alg)) = (A*[),[9)), Vi), |d) € M. (29)

In finite-dimensional free T-modules the adjoint always exists, is linear
and satisfies

(A=A, (sA+tB)* =sA* +t1sB*,  (AB)* = B*A*.  (30)
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In the last Theorem, we showed that with finite-dimensional free
T-modules, linear functionals are in one-to-one correspondence with kets
and act like scalar products. This allows for the introduction of Dirac’s
bra notation and the alternative writing of the scalar product (|¢), |¢)) as

(¥]0).

The bicomplex adjoint operator A* of A is the unique operator that
satisfies

(1), Alg)) = (A*[),[9)), Vi), |d) € M. (29)

In finite-dimensional free T-modules the adjoint always exists, is linear
and satisfies

(A=A, (sA+tB)* =sA* +t1sB*,  (AB)* = B*A*.  (30)

Moreover,
Pi (A)" = P (A7), k=1,2, (31)

where Py (A)* is the C(i1) adjoint on V.

D. Rochon Bicomplex Hilbert Spaces



linear operator on M.

Let 1), |¢) € M. Define an operator |¢)(1| so that its action on an

arbitrary ket [x) is given by ([¢)(¢])[x) = |9} ((¢[x)). Then [¢){] is a
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Let |¢), |¢) € M. Define an operator |$)(1)| so that its action on an
arbitrary ket |x) is given by (|¢){(é])|x) =
linear operator on M

o) ((¥[x)). Then [¢)(¢] is a
Theorem
Let {|u/)} be an orthonormal basis of M. Then

D lu)(ul =1

=1




A bicomplex linear operator H is called self-adjoint if H* = H
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A bicomplex linear operator H is called self-adjoint if H* = H

Let H: M — M be a self-adjoint operator. Then Py(H):V — V
(k =1,2) is a self-adjoint operator on V.
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A bicomplex linear operator H is called self-adjoint if H* = H. I
Let H: M — M be a self-adjoint operator. Then Py(H):V — V
(k =1,2) is a self-adjoint operator on V.
Two eigenkets of a bicomplex self-adjoint operator are orthogonal if the
difference of the two eigenvalues is not in NC.
«O>» «Fr» «E» «E>» = A
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With the structure we have now built, we can prove the spectral

decomposition theorem for finite-dimensional bicomplex Hilbert spaces.

Theorem [Bicomplex Spectral Theorem]

Let M be a finite-dimensional free T-module and let H: M — M be a
bicomplex self-adjoint operator. It is always possible to find a set {|¢/)}

of eigenkets of H that make up an orthonormalized basis of M.
Moreover, H can be expressed as

H=3" Moo,

I=1

where )/ is the eigenvalue of H associated with the eigenket |¢;) .
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Proof.

We first remark that the classical spectral decomposition theorem holds
for the self-adjoint operator Px(H) = H, restricted to V' (k =1,2). So
let {|¢1)7} and {|¢/)5} be orthonormal sets of eigenvectors of H; and H,
respectively. They make up orthonormal bases of V with respect to the
scalar products (-,-); and (-,-)5. Letting |¢/) := e1|¢/)7 + €2|¢/)5, we can
see that {|¢,)} is an orthonormal basis of M. Let A; be the eigenvalue of
H associated with |¢,), so that H|¢;) = Aj|¢;). To show that (32) holds,
it is enough to show that the right-hand side of (32) acts on basis kets
like H. But

lZw/ ¢,]|¢p Zw/ (@110p)) = D Niiplds) = Aplp)-
=1

O
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As an application of the results obtained in the previous sections, we will
develop the bicomplex version of the quantum-mechanical evolution

operator. To do this, we first need to define bicomplex unitary operators
as well as functions of a bicomplex operator.

v
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A bicomplex linear operator U is called unitary if U*U = |.
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A bicomplex linear operator U is called unitary if U*U = |.

From the last definition one easily sees that the action of a bicomplex

unitary operator preserves scalar products. Indeed let |}, |¢) € M and
let U be unitary. Then

(Ul), Ulg)) = (U UlY), |9)) = (I14), 6)) = (1¥),[4)) - (33)

«O>» «Fr <> «=)» = QA



Introduction
Preliminaries Unitary Operators
Finite-Dimensional Hilbert Spaces Functions of an Operator
Bicomplex Spectral Decomposition Theorem Evolution Operator
Applications

Definition
A bicomplex linear operator U is called unitary if U*U = I.

From the last definition one easily sees that the action of a bicomplex
unitary operator preserves scalar products. Indeed let |¢), |¢) € M and
let U be unitary. Then

(Ul), Ulg)) = (U™ U4y, |9)) = (114), [0)) = (|4), [9)) - (33)

Lemma

Let U: M — M be a unitary operator. Then P, (U): V — V (k=1,2)
is a unitary operator on V.

We note that a bicomplex unitary operator cannot be in the null cone.
For if it were, its determinant would also be in the null cone and the
operator would not have an inverse.
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Any eigenvalue )\ of a bicomplex unitary operator satisfies Afs\ = 1.
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Any eigenvalue X of a bicomplex unitary operator satisfies Afs \ = 1. '

associated with the eigenvalue A. Then U*|¢) = AT3|@).

Let U be a unitary operator and let |¢) € M be an eigenket of U
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Any eigenvalue X of a bicomplex unitary operator satisfies Afs \ = 1.
Let U be a unitary operator and let |¢) € M be an eigenket of U
associated with the eigenvalue A. Then U*|¢) = AT3|@).
Two eigenkets of a bicomplex unitary operator are orthogonal if the
difference of the eigenvalues is not in NC.
0> «Fr «=>» «E»r = DACG
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Let M be a finite-dimensional free T-module and let A be a linear
operator acting on M. Let A’ := [ and let {c, | n=10,1,...} be an
infinite sequence of bicomplex numbers. Formally we can write the

infinite sum
o0
D A (34)
n=0

When this series converges to an operator acting on M, we call this
operator f(A).
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Let M be a finite-dimensional free T-module and let A be a linear
operator acting on M. Let A% :=/ and let {c, | n=0,1,...} be an
infinite sequence of bicomplex numbers. Formally we can write the

infinite sum
o0
D A (34)
n=0

When this series converges to an operator acting on M, we call this
operator f(A).
The operator A and the coefficients ¢, can be written in the idempotent
basis as

A= e1A; + exAs, Ch = €1C,5 + €2C,5. (35)
Substituting (35) into (34), we get

f(A) = Z A" = e Z CnTAg + e Z Cn§A§
n=0 n=0 n=0

= e1i(A7) + e22(A3). (36)

One can see that the f series converges if and only if the two series f;

and f, converge.
D. Rochon Bicomplex Hilbert Spaces



A very important bicomplex function of an operator is of course the
exponential, defined in the usual way as

o0 1 )
exp{A} =1+ A" (37)
n=1
Clearly,
exp{A} = erexp {A;} + ezexp {As}.

(38)
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A very important bicomplex function of an operator is of course the
exponential, defined in the usual way as

=1
exp{A} =1+ A
n=1
Clearly,

(37)
exp{A} = erexp {A;} + ezexp {As}.
We have these two important theorems on exponentials of operators.

(38)

If t is a real parameter, Lexp {tA} = Aexp {tA}.

If H is self-adjoint, exp {i1H} is unitary.
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A generalization of the Schrodinger equation was already proposed for

bicomplex numbers. It can be adapted to finite-dimensional modules as

L. d
h S 10(8)) = HI(e).
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A generalization of the Schrodinger equation was already proposed for
bicomplex numbers. It can be adapted to finite-dimensional modules as

.. d
ith— [¥(t)) = Hly(2)). (39)
From the last Theorems we immediately obtain

Theorem

If H doesn't depend on time, solutions of (39) are given by
[(t)) = U(t, to)|¥(to)), where |1)(t)) is any ket and

U(t, to) = exp {—i%(t - tO)H} .

D. Rochon Bicomplex Hilbert Spaces




Introduction
Preliminaries Unitary Operators

Finite-Dimensional Hilbert Spaces Functions of an Operator
Bicomplex Spectral Decomposition Theorem Evolution Operator
Applications

A generalization of the Schrodinger equation was already proposed for
bicomplex numbers. It can be adapted to finite-dimensional modules as

.. d
ith— [¥(t)) = Hly(2)). (39)
From the last Theorems we immediately obtain

Theorem

If H doesn't depend on time, solutions of (39) are given by
[(t)) = U(t, to)|¥(to)), where |1)(t)) is any ket and

U(t, to) = exp {—i;(t - tO)H} .

The operator U(t, ty) is unitary and is a generalization of the evolution
operator of standard quantum mechanics.
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CONCLUSION

We have derived a number of new results on finite-dimensional bicomplex
matrices, modules, operators and Hilbert spaces, including the
generalization of the spectral decomposition theorem. All these concepts
are deeply connected with the formalism of quantum mechanics. We
believe that many if not all of them can be extended to
infinite-dimensional Hilbert spaces.
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