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1 Introduction

The pseudoanalytic function theory was independently devioped by two promi-

nent mathematicians, I.N. Vekua (see[[2¥]) and L. Bers (se€l] 4, 5]). Histor-
ically, the theory became one of the important impulses for @veloping the
general theory of elliptic systems. More recently, it has ben established by
V.V. Kravchenko (see [12, 14]) that with the aid of any particular solutions of
the real stationary two-dimensional Schmdinger equaticn we can construct a
Vekua equation possessing the following special propertyThe real parts of its

solutions are solutions of the original Schredinger equaibn and the imaginary
parts are solution of an associated Schredinger equation ith a potential hav-

ing the form of a potential obtained after a Darboux transform. Using Bers's
theory of Taylor series for pseudoanalytic function, the auhor obtain a locally

complete system of solutions of the original Schmedinger guation which can
be constructed explicitly for an ample class of Schmdinge equation. Subse-
quently, V.V. Kravchenko (see [24]) gives a generalizatiorof the factorization

technics developed in [12] for the more general two-dimensnal elliptic oper-

ator (div p grad + gu = 0, and consider the case wherg and g are complex
functions. In particular, the author had to consider a bicomplex Vekua equa-
tion of a special form to be able to obtain the following more @neral property.

The scalar parts of the bicomplex Vekua equation consideredre solutions of
the original Schmedinger equation with a complex-valued potential. However,

the case using the complex functions is more complicated anthe author let

as an open question the proof of expansion and convergenceethrems for the
bicomplex Vekua equation considered.

In this article, using three di erent representations of th e bicomplex num-
bers (see, e.g. [7, 18, 19, 20, 22, 23, 24]), which is a commtiv@ ring with
zero divisors dened by T = fwp + wyip + Waiz + Waj j Wo;Wi;Wo; W3 2 Rg
wherei? = 1;i2 = 1, j2 =1land ijip = j = iiz, We construct three
classes of bicomplex pseudoanalytic functions. For everyl@ss we obtain a spe-
cial type of bicomplex Vekua equation of two complex variabks, of which the
one considered by A. Castaneda and V.V. Kravchenko (see [6,3]) when the
domain is restricted to the complex (in i) plane. Moreover, we established
some connections between one of these systems of bicomplegkda equation
and the classical Vekua equations. We consider also the corfgxi cation of the
real stationary two-dimensional Schmdinger equation :

(4c (z;2))f =0
where! = z;+2,i, 2 T with z3;2, 2 C(i1) and 4 ¢ is the complexi ed Laplacian

operator i.e. 4 ¢ = @1 + @2. With the aid of any of its particular solutions fg
and the bicomplex operators :

@.=5(@+0:@) @ = 3(@ ©@,);



we obtain the following factorization of the complexi ed Schmdinger equation

@foC @ @foC .
fo fo

(4c ) =4 @y +

where C denote the y,-bicomplex conjugation operator, and we consider a spe-
ci ¢ bicomplex Vekua equation

@szO

C w=0
fo

@y,
possessing the following special property. The scalar pastof its solutions are
solutions of the original complexi ed Schredinger equation and the vectorial
parts are solutions of another complexi ed Schmedinger egation with the fol-

. . 2j5 cfoj? o .
lowing potential (z1;22) + Jﬁfh where j! Jiz1 =1 Y28 2Tand5c¢is
2
the complexi ed gradient operatori.e. 5¢c= @, + i2@,.
Finally, from the fact that the complexi ed Schredinger eq uation contains
the stationary two-dimensional Schredinger equation

4  (xp)f =0
and the Klein-Gordon equation
( (x;a)f =0;

we show that our factorization of the complexi ed Schmedinger equation is
a generalization of the factorization obtained in [12] for the stationary two-
dimensional Schredinger equation and for the factorizaton obtained in [15] for
the Klein-Gordon equation.

2 Preliminaries

2.1 Bicomplex Numbers

Bicomplex numbers are de ned as

T:=fz1+ 250, j 21,2, 2 C(Il)g (21)
where the imaginary unitsi;;i, andj are governed by the rules:iz = i3 = 1,
j2=1and
i1y = gl = J;
i = jin = g (2.2)
i2) = iz = q

Note that we dene C(ix) := fx+vyix jif = 1andx;y 2 Rgfor k =1;2.
Hence, it is easy to see that the multiplication of two bicomdex numbers is
commutative. In fact, the bicomplex numbers

T = Clc(1;0) = Cle(0; 1)



are unique among the complex Cli ord algebras in that they are commutative
but not division algebras. It is also convenient to write the set of bicomplex
numbers as

T:=fwp + wiig + Waip + Waj | Wo;Wq;Wo; W3 2 Rg: (2.3)

In particular, in equation (2.1), if we put z; = x and z; = yi; with x;y 2
R, then we obtain the following subalgebra of hyperbolic humters, also called
duplex numbers (see, e.g. [22, 26]):

D:=fx+vyjjj?=1; x;y 2 Rg= Clg(0;1):

Complex conjugation plays an important role both for algebraic and geo-
metric properties of C. For bicomplex numbers, there are three possible conju-
gations. Letw 2 T and z;;2z, 2 C(iy) such that w = z; + z,i,. Then we de ne
the three conjugations as:

WYL = (21 + 23i2)"t 1= Zy + Zaia; (2.4a)
W2 =(z1+ 22i2)Y2 1= 71 2Z3ia; (2.4b)
W' = (21 + 22i2)Y° '= Z1 Zzia; (2.4c)

where zy is the standard complex conjugate of complex numbergy, 2 C(i1). If
we say that the bicomplex numberw = z; + z2i, = wp + wyig + Waiz + W3j has
the \signature" (+ + ++), then the conjugations of type 1,2 or 3 of w have,
respectively, the signatures (+ + ), (++ ) and (+ +). We can verify
easily that the composition of the conjugates gives the fowdimensional abelian
Klein group:

| ||YO|Y1|Y2|Y3|
Yo [ Yo | Y1 |Y2 | V3
Yi [ Y1 | Yo | Y3 | Y2 (2.5)

YollY2 Y3 | Yo | W1
Y3 [ Ya | ¥ [ V1| Yo

wherewYe := w 8w 2 T.
The three kinds of conjugation all have some of the standard pperties of
conjugations, such as:

(s+ t)x = g+ th; (2.6)
g o= g (2.7)
(st = ok t¥; (2.8)

fors;t2 Tandk=0;1;2;3.



We know that the product of a standard complex number with its conjugate
gives the square of the Euclidean metric irR?. The analogs of this, for bicomplex
numbers, are the following. Letz;;z, 2 C(i1) and w = z3 + z3i, 2 T, then we
have that [22]:

jwiZ = w w¥2 = 22+ 22 2 C(iy); (2.9a)
Wi, =w w = jzij® | 2)* +2Re(z125)iz 2 C(iz); (2.9b)
jwif == w W' = jz1j® + jzoj°  2Im(z1Z2)j 2 D; (2.9c)

where the subscript of the square modulus refers to the subgebraC(iy); C(i2)
or D of T in which w is projected.
Note that for z;;z, 2 C(i1) andw= z; + zi, 2 T, &ve can de ne the usual

(Euclidean in R*) norm of w asjwj = = jz1j2 + jz2j2 = Re(jwjjz).
y
It is easy to verify that w W—; =1. Hence, the inverse ofw is given by
i1
1 W
jwif,

(2.10)

From this, we nd that the set N C of zero divisors ofT, called the null-cone, is
given by fz; + zi, j z2 + zZ = 0g, which can be rewritten as

NC=fz(iy ip)j z2 C(i1)g: (2.11)

It is also possible to de ne di erentiability of a function a t a point of T:

Denition 1  Let U be an open set off andwp 2 U. Then, f :U T! T
is said to beT-di erentiable at wp with derivative equal tof (wg) 2 T if

W) (W)
w! wo W W

(w wgq inv: )

= f Ywo):

We also say that the function f is T-holomorphic on an open set U if and
only if f is T-di erentiable at each point of U.

As we saw, a bicomplex number can be seen as an element 6f, so a
function f (z1 + z2i) = f1(z1;22) + f2(z1;22)i2 Of T can be seen as a mapping
f(z1;22) = (f1(z1; 22);f2(21; 22)) of C2. Here we have a characterization of such
mappings:

Theorem 1 Let U be anopen setand : U T ! T suchthatf 2 C(U).
Let alsof (z1 + z2i2) = f1(z1;22) + f2(z1;22)i2. Then f is T-holomorphic on U
if and only if:

f1 and f, are holomorphic in z; and z,



and,

@i _@t, @ _ @i

@—@—Zan @— @onU:

Moreover, f 0= % + %iz and f qw) is invertible if and only if detd (w) 6 0.

This theorem can be obtained from results in [18] and [21]. Meover, by the
Hartogs theorem [25], it is possible to show that ¥ 2 C1(U)" can be dropped
from the hypotheses. Hence, it is natural to de ne the correponding class of
mappings for C?:

De nition 2 The class of T-holomorphic mappings on a open sety  C? is
de ned as follows:

TH(U):=ff:Uu C?! C3f2HU)and ——= ——, —= —— onUg:
) . ) @z @z @z @z J
It is the subclass of holomorphic mappings o€? satisfying the complexi ed
Cauchy-Riemann equations.

We remark that f 2 TH(U) in terms of C? if and only if f is T-di erentiable
on U. It is also important to know that every bicomplex number z; + zi, has
the following unique idempotent representation:

71+ 2002 = (21 2zir)er +(z1 + 2oip)es: (2.12)

wheree; = %l and e, = L1

This representation is very useful because: addition, muiplication and di-
vision can be done term-by-term. Also, an element will be norinvertible if and
only if zz zpi; =0 or z; + z2i; =0.

The notion of holomorphicity can also be seen with this kind d notation.
For this we need to de ne the projectionsPy;P, : T ! C(i1) asPi(z1+ z2i2) =
Z1  2pip and Py(zy + z2i2) = z3 + z2i1. Also, we need the following de nition:

De nition 3 We say thatX T is a T-cartesian set determined byX,; and X,
if X = X1 eXo=fz1+20022 T: 21+ 2500 = W161+W262;(W1;W2) 2 X1 ng

In [1] it is shown that if X; and X, are domains ofC(i1) then X1 ¢ X3 is
also a domain of T. Now, it is possible to state the following striking theorems
[18]:

Theorem 2 If fe1 @ X1 ! C(i1) and fgr : Xo ! C(ip) are holomorphic
functions of C(i;) on the domains X; and X, respectively, then the function
f: X1 eX2! Tdenedas

f(z1+ 22i2) = fea(z1  Zir)er + fea(z1 + Z22i1)€2 8 21 + 2202 2 X1 e X2
is T-holomorphic on the domainX; X, and
fUz1+ 22i2) = T (21 zsin)er + (21 + 22i1)e2

8271+ 200 2 X1 X3



Theorem 3 Let X be a domain inT, and letf : X ! T be aT-holomorphic
function on X. Then there exist holomorphic functionsfe; : X1 ! C(i1) and
fe2 : X2 C(ip) with X1 = P1(X) and X, = P,(X), such that:

f(za+ 22i0) = fer(z1  Zoig)er + fea(z1 + 22i1)€2 8 21 + 2305 2 X:

We note here thatX; and X, will also be domains ofC(i1).

3 Bicomplex Pseudoanalytic Functions

3.1 Elementary Bicomplex Derivative

We will rst consider the variable z = x + yi;, wherex and y are real variables
and the corresponding formal di erential operators

1 _ 1 .
@ = E(@+ 1@) and @ = E(@ 1@):
Notation f, or f, means the application of @ or @ respectively to a bicomplex
function f (z) = u(z) + v(2)i1 + r(2)i2 + s(z)j. The derivatives f ., f, \exist" if
and only if fy and fy do. Note that
1 . : .
f, = éf(ux"'vy)"'(vx Uy)is +(rx + sy)ia +(Sx  ry)j)g
and
1 . : .
f, = éf(ux Vy)+(Vx+ Uy)'l"‘(rx Sy)|2+(5x+ ry)J)g
In view of these operators,
f2(2)=0, @[u(2)+ v(z)i1]=0and @[r(z) + s(2)i1]=0:  (3.1)

We will now consider the bicomplex variable! = z; + zi,, where z; =
X1 + Yii1;Z2 = Xo + y2i1 2 C(i1) and the corresponding formal di erential
operators

@=@.=3(@+1:@) @=@:=3@ i@)

@ =5@+1:@) and @.=;(@ ©@):

Notation f,y, for k = 0;1;2; 3 means the application off, y, respectively to
a bicomplex function f (! ) = u(! )+ v(! )iy + r(!)i> + s(! )j. The derivatives
fiy \exist" for k=0;1;2;3if and only if f,, and fy, exist for | = 1;2. These
bicomplex operators act on sums, products, etc. just as an alinary derivative
and we have the following result in the bicomplex function theory.



Lemma 1 Letf (z1+ z2i2) = f1(z1;22) + f2(21;22)i2 = U(z1; 22) + V(Z1;22)i1 +
r(z1;z2)io + s(z1;22)j be a bicomplex function. If the derivative

o= fim W (3.2)
(¢ 1o invi ) ) )

exists, thenuy; Uy;ry;ry;Vx;Vy;Sx and sy exist, and

Lfi(to)=fY o) (3.3)
2. f,,(10)=0 (3.4)
3. f,1,(10)=0 (3.5)
4. f,y3(10)=0: (3.6)

Moreover, if Uy;Uy;Vx;Vy;lx;ly;Sx and sy exist, and are continuous in a
neighborhood of! o, and if (3.4),(3.5) and (3.6) hold, then (3.3) exists.

Proof. First, we remark that the complexi ed Cauchy-Riemann equations

@i _@ @ _ 0Ot
@: @7 @z @z '° 37

are equivalent tof, y, (! o) = 0. Similarly, the following system of equations

@i_et @ _ ai
@ @ @ @ atto (3:8)

is equivalent to f, y; (! o) = 0 and the following one

@ @' @ @
is equivalent to f, ,, (! o) = 0. Now, if the bicomplex derivative f ! ) exists,

then from the Theorem 1 we obtain automatically that all part ial derivatives
exist at ! g. Moreover, the fact that f, and f, are holomorphic in z; and z,

imply that ot @t

@ @ 0 for k=1;2 (3.10)
Thereforef, y, (! 0) = f,ys (! o) = 0 and the complexi ed Cauchy-Riemann equa-
tionsimply f,,, (! o) =0and f, (! o) = fU! o). Conversely, if ux;Uy;rx;ry;Vy;Vy,
sx and sy exist, and are continuous in a neighborhood of o then f,y, (! o) =
fivs( o) = 0 imply that f; and f, are holomorphic inz; and z,. Hence, from
Theorem 1,f is T-di erentiable at ! 4.2

at!y (3.9

3.2 Bicomplex Generalization of Function Theory

Our bicomplex generalization of function theory is based orthe following three
di erent representations of bicomplex numbers. The scalar and vectorial part
must be adapted to each representations.



3.2.1 Class-R1

Let a+ bi; + cip + d = z3 + zi, where z3;z, 2 C(i1). In this case, the
theory will be based on assigning the part played by 1 and, to two essentially
arbitrary bicomplex functions F (! ) and G(! ). We assume that these functions
are de ned and twice continuously di erentiable in some open domain Dy T.
We require that
Vecf F (! )2G(! )g80: (3.11)
Under this condition, (F; G) will be called a i;-generating pair in Dg. We re-
_  SdF(')g SdG(!)g
mark that VecfF (! )Y2G(! )g = Ved F(1)g Ved G(1)g
Cramer's Theorem, that for every ! o in Dy we can nd unigque constants
0; o 2 C(i1) such that w(! o) = oF(lo)+ oG(!o). More generally we
have the following result.

. It follows, from

Theorem 4 Let (F;G) be i;-generating pair in some open domainDg. |If
w(!): Dy T ! T, then there existunique functions (!); (') : Do
T! C(i1) such that

w(')= (V)F()+ (1)G(') 8! 2 Dg:
Moreover, we have the following explicit formulas for and

Vedw(! )2G(!)]
VedF (! ):G( )]’

Vedw(! )2F(1)].

()= Vedr (19 G(L )]

()=

Proof. Let (F; G) be i;-generating pair in some open domairDy. Let z5 2 Dy
with w(zp) = z3 + z2i2, F(20) = z3 + z4i2 and G(zp) = z5 + zgi,. In this case,
W(z0) = 2(20)F(20) + 2(20)G(20) with  2(z0); 2(20) 2 C(i1) if and only if
Z1 = 2(20)23 + 2(20)25 and z, = 2(20)24 + 2(20)26- This is a well known

Cramer's system of the formAX = B whereA = 23 % = 2
Z4 Zg Z2
and X = ZEEO; . So, the unique solution isX = A B where A ! =
2(20
1 Zg Z5 - 1 Zg Z5 Z1
det A Z4 Z3 - Hence, X VECIF (20)¥2 G (20)] Zy Z3 Zo
1 212¢ 2275
VECF (20)72G(20)] 2124 + 2523
- 1 Vecw(zo)*2 G(zo)]
VECIF (20)Y2 G (20)] Vecw(zp)Y2F (z0)]
Then
Vec Y2G Vec Y2
2(2) = w(z) (Z)], 2(2) = w(z)¥>F (2)] 822 Dg:2
Vec[F (2)¥2G(2)] Vec[F (2)¥2G(2)]



Now, we say thatw(!) : Dp T ! T possesses at, the (F;G)j,-
derivative w(! o) if the ( nite) limit

w(lo)= lim w(l)  oF()  oG(!)

Pty 1
(! g inv: ) 0

(3.12)

exists.

In the particular case wherew(! );F(!) and G(! ) are dened on Dg

C(i2) ! C(i2) then we can nd unique constants o; o 2 R such that w(! o) =

oF (! 0)*+ oG(! o) and we come back to the classical (iri) pseudoanalytic the-
ory developed by L. Bers and I.N. Vekua (see e.g. [1, 4, 5, 27])n that case, us-
ing Bers's theory of Taylor series for pseudoanalytic funcion, V.V. Kravchenko
(see [12]) obtained a locally complete system of solutionsfdhe real stationary
two-dimensional Schredinger equation. On the other hand,in the case where
w(!), F(!)and G(! ) are dened on Dy C(j)! C(j) then we can also nd
unique constants ¢; o2 Rsuchthatw(!¢)= oF('o)+ oG(! o) and we are
in the hyperbolic pseudoanalytic theory developed by Guo Chn Wen in [28].
Moreover, we note that if we only restrict the domain Do to C(i2), the subclass
of bicomplex pseudoanalytic functions obtained is precidyg the class developed
by V.V. Kravchenko and A. Castaneda in [6] to show that in a two-dimensional
situation the Dirac equation with a scalar and an electromagetic potentials
decouples into a pair of bicomplex equations. It is also the ame class of func-
tions that used V.V. Kravchenko (see [13]) to obtain solutions of the complex
stationary two-dimensional Schmdinger equation.

The following expressions are called the; -characteristic coe cients of

the pair (F;G) for k =1;2;3:

g = FXGin Fn G g FGiw Fin G
(F:G) — FGY: FY:G ' (FG) ™ EGY: EYG '
A _ F%2G, F Q%2 B _ FG Fk G
Fe)=  Favn Fng (FS) = EGv. F%G

Set (for a xed ! o)
W()=w(l) oF() oG(); (3.13)
the constants ¢; ¢ 2 C(i1) being uniquely determined by the condition
W(l)=0: (3.14)

Hence,W (! ) has continuous partial derivatives if and only if w(! ) has. More-
over, w(! o) exists if and only if WY o) does, and if it does exist, thenw(! o) =
W1 o). Therefore, by Lemma 1, the existence oW, (! o), W, (! o) and equa-
tions

W, yl(! 0)=O;Wg (! 0)=Oand W, y3(! 0)=0 (3.15)

10



are necessary for the existence of (3.12), and the existen@nd continuity of
W, (! 0), W, (! o) in a neighborhood of! o, together with (3.15) are su cient.
Now,

w(l) w(to) w(!o)*

F(!) F(o) F(lo)"

G(') G('o) G(!o)"

w()= 3.16
®) F(lo) F(lo)" (3.10)
G('o) G(!o)"
so that (3.15) may be written in the form
Wiy (Po) w(lo) w(!o)
Fivi(lo) F(lo) F(o)2 =0 fork=1;23 (3.17)
Gy (o) G(to) G(!o)"
and if (3.12) exists, then
wi (Yo) w(lo) w(!o)?
Fi(to) F(to) F(lo)"
G (o) G(to) G(lo)-
lo)= 3.18
w(! o) F(lo) F( o) (3.18)
G('o) G(lo)"
Equations (3.18) and (3.17) can be rewritten in the form
W=w  AFc)W Brg)w” (3.19)
W,y = aE';?G)W+ bE';?G)WVZ fork=1;2;3: (3.20)

Thus we have proved the following result.

Theorem 5 Let (F,G) be a i;-generating pair in some open domainDg. Every
bicomplex functionw de ned in Do admits the unique representationw = F +

G where ; : Do T ! C(i1). Moreover, the (F;G);, -derivative w =
dirc .
(F’Z!)'lw of w(! ) exists at! o and has the form
w= F+ G=w AgEg)W BEo)w” (3.21)
if and only if
1 1
Wy = alls w+ B wh (3.22)
Wiy, = alpg W+ BP G W (3.23)
and . ,
Wy = ahs W bR we (3.24)

wherew has continuous partial derivatives in a neighborhood of 4.

11



The equations (3.22), (3.23) and (3.24) are called tha;-bicomplex Vekua
equations and the solutions of these equations will be theK; G);, -pseudoanalytic
functions.

Remark 1 For k =1;2;3, the equation

k k
Wy = aEF);G)W"' bEF);G)WyZ (3.25)

can be rewritten in the following form

(k) FY2G! Vi F! v GY2

ok F+ G = age )Wt — G (3.26)
Hence, the equation (3.25) is equivalent to
wF+ 3, G=0
if and only if
[GY  GY2IF,y =[F% FY%IG,, (3.27)

wherew is not identically in the null-cone on the domain.

3.2.2 Class-R2

Let a+ bi; + cio + d = z3 + zi; where z3;z, 2 C(i2). In this case, the
theory will be based on assigning the part played by 1 and; to two essentially
arbitrary bicomplex functions F(! ) and G(! ). We assume that these functions
are de ned and twice continuously di erentiable in some open domain Dy T.
We require that

VecfF(! )1G(! )g60: (3.28)

Under this condition, (F; G) will be called a i;-generating pair in Dg. From
Cramer's Theorem, it follows that for every ! o in Do we can nd unigque con-
stants o; o2 C(i2) suchthat w(! o) = oF(' o)+ 0oG(! o). In fact, using the
same arguments than for the Theorem 4, we have the followingeasult.

Theorem 6 Let (F;G) be iz-generating pair in some open domainDg. |If
w(!): Dp T ! T, then there existunique functions (!); (') : Do
T! C(i2) such that

w(l)= ()F()+ (1)G() 8! 2 Dg:

Moreover, we have the following explicit formulas for and

Vedw(! ) F ()]
VedF (1 ):G(H)

()= Vedw(! )+ G(! )]

" Vedr( o’ ()7

12



We say thatw(! ): Do T ! T possesses altg the (F; G);, -derivative
w(! o) if the ( nite) limit

W)= fim W) oF()  oG()

Pty ! !
(! g inv: ) 0

(3.29)
exists. In fact, if we interchange everywhere; with i,, this case is exactly the
same thanR1. In particular, if we de ned the function :T! T as

(@a+ bip +cip + dj):= a+ ciy + b, + d (3.30)

we obtain that w(! ) possesses aF; G);, -derivative at ! ¢ 2 Dg if and only if
the function

C w )t) (3.31)
possessesa ( F ; G )j,-derivative at (! o) 2 (Do) where
( F ; G ) (3.32)
is aiz-generating pair on (Dg). We note that
(¢t)y = (') (3.33)
(f1+12) = )+ (ta); (3.34)
(Y1'2) = ('1) (*2); (3.35)
L1 = () if1,2NC; (3.36)
I (!2)
W) = ( (W)’ (3.37)
W) =( (w)’2 and  (W'2)=( (w))”: (3.38)
Therefore, dee, L W ) )‘Zd!( v
1= (1o)
- lim (. w (') (oC F ') (o G ')
(o) ! (! o)
(! (! g) inv: )
- lim WwC (") oFC () oG (N
Lt [ (1) 'ol
2 ! p) inv: 3
- 4 lim wl ()  oFC() o6 ()5
o ! !(1 0()! ?n)v: ) () to
" #
_ dirc), W
- d!

=1y
We note that the i,-characteristic coe cients of the pair (F;G) fork =1;2;3
must be de ned as:
ak = FAGyy  Fin G, L FG v« FiuG,
(F:G) ~ FGY: F“G ' (FG) ™ EGn: F%“G

13



A _ FuG, FGn B _ FG Fk G
)~ "FGn  FnG ' )™ Fen FuG

3.2.3 Class-R3

Leta+ hbi; + cip+dj = 23+ 2201 (resp. z3 + z3ip) where z;; z,;z3 2 C(j). In this

case, the theory will be based on assigning the part played byt and iy (resp.
i2) to two essentially arbitrary bicomplex functions F (z) and G(z). We assume
that these functions are de ned and twice continuously di erentiable in some
open domainDy  T. We require that

VecdfF(1)YG(! )g80: (3.39)

Under this condition, (F; G) will be called a j-generating pair in D for every! ¢
in Do. Moreover, it will be possible to nd unique constants o; o2 C(j) such
that w(! o) = oF(1o)+ oG(! o). Here also we have the following equivalence
of the Theorem 4.

Theorem 7 Let (F; G) bej-generating pair in some open domainDg. If w(!):
Do T! T, then there existunique functions (!); (!): Do T! C(j)
such that

w(l)= ()F()+ (1)G() 8! 2 Dg:

Moreover, we have the following explicit formulas for and

Vedw(! )sG(!)]
VedF (! )%G( )]’

Vedw(! )sF()].
VedF (! )%G()]

(1)= ()=

We say that w(! ) possesses at o the (F; G);-derivative w(! o) if the
(nite) limit
wit)  oF(t)  oG(!)

)

w(! o) = lim (3.40)

exists.
In this case, the following expressions are called thg-characteristic co-
e cients of the pair ( F;G) for k=1;2;3:

a0 = F%Giw Fy G o = FGiw Fiy G
(F;G) — FGY: FY:G ! (FG) ™ EGY: EY%:G '
A _ Fy3G! F! GY3. B _ FG! F! G .
(FG) = FGYs FY:G '’ (FG) = FGYs FYsG’

Now, using the same kind of arguments than for the cas®2, we obtain the
following result.

14



Theorem 8 Let (F,G) be a j-generating pair in some open domainDy. Every
bicomplex functionw de ned in Do admits the unique representationw = F +

. o i ).
G where; :Do T! C(j). Moreover, the (F; G);-derivative w = —> 1"
of w(! ) exists at! o and has the form
w= F+ ;G=w AEg)W Bg)w" (3.41)
if and only if
Wy, = al ow+ B ws: (3.42)
Iyl (F;G) (F;G) ’ :
Wy, = a2g w+ B2 ws; (3.43)
and
Wy = aE?;G)W+ bfg;e)wy3 (3.44)

wherew has continuous partial derivatives in a neighborhood of ¢.

The equations (3.42), (3.43) and (3.44) are called thg-bicomplex Vekua
equations and the solutions of these equations will be theR; G); -pseudoanalytic
functions.

Remark 2 For k =1;2;3, the equation
W,y = aE';?G)W+ bE'gG)Wy3 (3.45)
can be rewritten in the following form

_ K F¥G,y  F 4GB
1 Yk F+ 1 Yk G= a(F;G )W + FGyZ Fy3kG W: (346)

Hence, the equation (3.45) is equivalent to
v F+ 1w G=0

if and only if
[G%  G%:IF,y =[FY FY:]G,y, (3.47)

wherew is not identically in the null-cone on the domain.

In this case, it is useful to consider a more specic class ofanerating
pair.

De nition 4  Let D1 and D, be open inC(i1). Consider that (Fe,; Ge,) and
(Fe,; Ge,) are complex (ini1), twice continuously di erentiable, generating pairs
in respectively D; and D,. Under these conditions, (F; G) will be called aj -
generating pair in Dg= D1 ¢D2 2 T where

F(Zl + Zziz) = Fel (Z]_ Zzil)el + F62 (Z]_ + Zzil)eg (348)

and
G(Zl + Zziz) = Ge1 (Zl Zzil)el + Gez (Zl + Zzil)ezl (349)

15



Lemma 2 Let F(!) and G(! ) two arbitrary bicomplex functions de ned in
some domainDgy T. If

ImfFe, (! )Ge, (' )g80 or ImfFe,(! )Ge, (! )Jg60 8! 2 Dg
then Ved F (! )¥=G(! )g80 8! 2 Dy.

Proof. Let F (! 0)¥sG(! 0) = X1+ Xai1 + Xgiz + Xaj = (X1 + Xaj)+ (X2 Xgj)i1 =
(X1 + Xaj) + (X3 X2j)i2. Thus, VecfF (! ¢)Y3G(! o)g = 0 if and only if x, =
X3 = 0. Moreover, ImfFe, (! 0)Ge, (20)g = X3 X2 and ImfFe, (! 0)Ge, (! 0)g =
X2 + X3. Hence, VedF (! 0)¥3G(! 0)g = 0 imply Im fFe, (Z0)Ge, (! 0)g = 0 and
ImfFez(! O)Gez(! o)g =0 8'g2 Dg.2

Therefore, from the Lemma 2 we obtain automatically this following

result.

Theorem 9 Let Dp= D; D, whereD; and D, are open domains inC(iy).
If (F;G) is aj -generating pair in D then (F; G) is, in particular, a j-generating
pair in Dy.

Moreover, the j -generating pair will imply the following representation
for a (F; G);-pseudoanalytic function.

Theorem 10 Let Do = D; ¢ D, where D; and D, are open domains in

C(i1). If (F;G) is aj -generating pair in Do then if the function w is (F; G);-
pseudoanalytic onD, then w can be decomposed in the following way

W(z1 + 22i2) = [We, (z1  Zoi1)]e1 +[We, (21 + Z2i1)]e2 (3.50)
821+ 2202 =(21 22i1)€1 +(21+ 22i1)€2 2 Do.

Proof. It is always possible to decompose®(z; + z;i,) in term of the idempotent
representation i.e.

W(Z1 + Zi2) = [We, (21 + Z2i2)]e1 + [We, (21 + Z2i2)]es:
Moreover, from the de nition of the derivative, the functio n
W(zy + 22i2) = W(z1 + 22i2)  oF (za + 22i2)  0G(z1 + 2202)
is T-di erentiable at z; + z,i,. Now, using the Theorem 2, we have that
W(z1 + 22i2) = [We, (21 Zai1)]er +[We, (z1 + 22i1)]€2
and from the de nition of a j -generating pair we obtain that

W(Z]_ + Zziz) = W(.;.1 (Zl Zgil)el + W(.;.2 (Zl + Zgil)ez
Pi( 0)Fe,(z1  Zzi1)e1 + P2( o)Fe, (21 + Z2i1)€;
P1( 0)Ge,(z1  Z2i1)€1 + P2( 0)Ge,(z1 + 22i1)€2

+ +
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[We, (1 Z2i1)+ P1( 0)Fe,(z1 Z2i1) + P1( 0)Ge,(z1  2Z2i1)les
[We, (21 + z2i1) + P2( 0)Fe,(z1 + Z2i1) + P2( 0)Ge, (z1 + Z2i1)]€2
[We, (1 2pi1)]er +[We, (21 + Z2i1)]es:

where P]_( o); Pg( o); Pl( o); Pz( 0) 2 R.2

Now, using the last theorem and the decomposition:

+

W(zy + 22i2)  oF (zo+ z22i2)  oG(z1 + 22i2)
(z1+ 22i2)  (Zo;1 + Z0;212)

We, (Zl Zzi]_) P]_( o)Fel(Zl Zzi]_) P]_( ())G(.;.1 (Z]_ Zgil)e
(z2 22i1) (201 Zop2i1) !
We, (z1 + Z2i1) Pa( 0)Fe,(z+ Z2i1) Pa( 0)Ge, (21 + 22i1)
(z1+ 2201)  (Zo1 + Zop2i1) 2
we obtain the following connections with the classical theoy of pseudoanalytic
functions.

+

Theorem 11 Let Dg = D; ¢ D, where D; and D, are open domains in
C(i1). If (F;G) is aj -generating pair in Do with w:Dg T! T a (F;G);-
pseudoanalytic function onDg then

W(z1 + 22i2) = [We, (z1  Zai1)]en +[We, (21 + Z2i1)]e2 (3.51)
wherewe, is a (Fe, ; Ge, )-pseudoanalytic function onDy for k = 1;2. Moreover,

W(zZ1 + 22i2) = [We, (21 Zai1)]en +[We, (21 + Z2i1)]e2 (3.52)
on Dg.

Theorem 12 If wek : D ! C(i1) is a (Fe, ; Ge, )-pseudoanalytic function on
the open domainDy for k = 1;2 then the functonw:D; ¢D,! T dened
as

W(Z1 + Z2i2) = Wea(za  Zzi1)€1 + Wea(Za + 22i1)€2 8 21 + 232 2 D1 e D2
is a (F; G);j-pseudoanalytic function onD; D> and
W(z1 + 22i2) = We, (1 Z2i1)€1 + We, (Z1 + 22i1)€2
821+ 202 2D1 Do3:

The last theorem gives another interpretation of Theorems 1 and 12 in
terms of Vekua equations.

Theorem 13 If (Fe,;Ge,) and (Fe,; Ge,) are complex (ini;) generating pairs
in respectively D; and D,. Then w is a solution on Dg = D; ¢ D, of the
j-bicomplex Vekua equations with thg -generating pair (F;G) if and only if
W(Zl + Zziz) = Wel(Zl Zzil)el + Wez(Zl + Zzil)ez Wherewek is a solution on
Dk of the complex (ini1) Vekua equation with the generating pair(Fe, ; Ge, )
for k=1;2.
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3.3 The Complexi ed Schedinger Equation

Consider the equation
(4 C (Z]_; Zg))f =0 (353)

in R* where4 ¢ = @, + @, andf are complex (ini;) valued func-
tions. The equation (3.53) is simply the complexi cation of the two-dimensio-
nal stationary Schmdinger equation where 4 ¢ is the complex Laplacian (see
[8, 9, 10, 16]).

3.3.1 The Complex Laplacian

First of all, we will write the complex Laplacian in a more explicit way to see
that it contains in the same time the classical Laplacian opeator and the wave
operator.

Lemma 3 Let! = z; + zi,, wherez;;z, 2 C(i1) then

1 1
@@= 3@ +@)= J4c
8f 2 C?() where is an open set inR%.
Proof. Let @ = 5 (@, i2@,)and @ = 5 (@, + i.@,) then

1@@ @ (@ +i:@,) 12@,(@, +i1:2@,)
@1 + iz@lzz iz@zzl + @z
@ + @,:2

Propositon 1 Let @, = $(@ i1@)and @, = 3(@ i.1@) then

16@@=44c= @ @+@ @ 2. @ + @, (3.54)

8f 2 C?() where is an open set inR%.

Proof. Consider,

46, = @@ 1@ L@@ 11@)
= @ il@y i1@x @
= @ 4@ 2.@:

Therefore,

4@+@, = @ G+@ @ 2. G +@, 2

Remark 3 In the last proposition, if we let y and g be constant variables, then

1. C(i2);

18



2. 4@@ = @@ where@ = 3(@+i.@) and @ = 1 (@ i.@);
3.44:.=4@@= @+ @ = 4 the Laplacian operator

Similarly, if y and p are constant variables, then

1. D;
2. 40@ = @@ where@= 3 (@ j@) and@= 3(@+|@);
3.4:.=4@@=@ @= - the wave operator :

3.3.2 Factorization of the Complexi ed Schedinger Opera tor

It is well known that if fo is a nonvanishing particular solution of the one-
dimensional stationary Schredinger equation
d2

@*‘ (X)

then the Scrdinger operator can be factorized as follows:

o d ¢ d f9
— + = +
e ™

dx  fo dx fo
The next result gives the analogue for the complexi ed Schodinger operator.
By C we denote they,-bicomplex conjugation operator.

Theorem 14 Let fg: R* !  C(i1) be a nonvanishing particular solution
of (3.53). Then for any C(iy)-valued continuously twice di erentiable function
' the following equality hold:

f f
(4c ) =4 @+ ALK @ CLLIC (3.55)
fo fo
Proof. Let fg : R* ! C(i1) be a nonvanishing particular solution of
(3.53). Then
@+@f°(: @ @foC Co_ @+@f0C @ @fo,
fo 0 fo fo
_ , @fo, @fo ., 1@fojf
= @@ @ [+ -@ r2
I @fo , 1@foj7
= 4t @ ) %
S 1. @@fo fo j @fol?, |, i@foif ,
fé fé
_ 1, . z4ch,
= J4c 7



However, 4 c  )fo=0) %gle= . Hence,
@foC @ @fo
fo fo

Remark 4 From the Remark 3, we see that the complexi ed Schredingerua-
tion contains the stationary two-dimensional Schedinge equation

(4  (xp)pf =0
and the Klein-Gordon equation
( (x;q)f =0:

Hence, our factorization of the complexi ed Schmdinger &uation is a general-
ization of the factorization obtained in [12] for the stationary two-dimensional
Schmdinger equation and for the factorization obtained n [15] for the Klein-
Gordon equation.

(4ec ) =4 @+ C :2 (3.56)

3.3.3 Relationship Between Bicomplex Generalized Analyti ¢ Func-
tions and Solutions of the Complexi ed Schedinger Equati on

The next Lemma has been inspired from a similar result in the omplex plane
(see [2], p 140).

Lemma 4 Letb: R*! T be a bicomplex function such that is C(i1)-
valued, and letW = u+ isv: R*! T be a solution of the equation
Wy, = bW on (3.57)
Thus, u: R*!1  C(i1) is a solution of the equation
@,.@u  (jt2 + b)u=0 on (3.58)
and v : R*1 C(iy) is a solution of the equation
@.@v (b2 b)v=0on : (3.59)

Proof. Using the y, on both sides of Eq. (3.57), we have that

@y, (u+ iv)=bu iv), @(u iv)=b?2(u+iv)on : (3.60)
Therefore,
@b (u i2v)+ b@(u i2v)

b (u iv)+ bB2(u+isv)
b (u i2v)+ jbZ (u+ i2v) on

@@y, (u+izv)

Now, by equality of the scalar and vectorial part, we obtain the Equations (3.58)
and (3.59)2
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Theorem 15 Let W be a solution of the following bicomplex Vekua equation

@_Y2f0
fo

@y. C W=0 (3.61)
where f( is a nonvanishing solution of the complexi ed Schmdingerequation
(3.53). Then u = SQW) is a solution of (3.53) and v = Vec(W) is a solution
of the equation

!

. . 2
4c+ (21;22) 2 JSC]CA v=0 (3.62)
0
where5¢c= @, + 2@, .
Proof. Consider the function b= @i—if‘) Then
B @v.fo _ (@@y.f0) fo (@y.fo)(@F0)
b=@ —/—— = >
fo fs
4cfo  j@yfoif,
4f o f2
_ (zi72)  |@wfoff
4 f2 '

Therefore, b is a C(i1)-valued function. Now, from Lemma 4,
I

4 cu - (21;22) j@_yzfojiz1 ¥ j@_YZijizl- u
4 4 f2 f2
i.e
(4c Ju=0;
and
!
4ev _ (z1:22) , j@y.foj? N i@y.10j7, v
4 4 f2 f2
!
_ (21:22) , 2@nfoif,
4 f2
_ (z1;22) | (@.f0)* +(@,f0)?
4 22
i.e.
(4 C )V: 0
S,
where (z1;22) = (z1;22) + ﬂfizhﬂ
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Remark 5 From Theorem 5, if W possesses #&f o; fi—zo)il—derivative on an open

set T then W is a solution of the bicomplex Vekua equation (3.61):
f
@y @:for =g on
In that case, aEZF);G) =0 and bEzF);G) = @-fyzf" where

F=fy, and G:I—2
fo

is a i;-generating pair for (3.61).

From the last remark, we can conclude that the bicomplex psedoanalytic
function theory open the way to nd explicit solutions of the complexied
Schmdinger equation.
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