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Abstract. Bicomplex numbers are pairs of complex numbers with a multiplication law that makes
them a commutative ring. The problem of the quantum harmonic oscillator is investigated in the
framework of bicomplex numbers. Starting with the commutator of the bicomplex position and
momentum operators, we find eigenvalues and eigenkets of the bicomplex harmonic oscillator
Hamiltonian. Coordinate-basis eigenfunctions of the Hamiltonian are then obtained in terms of
hyperbolic Hermite polynomials, and some of them are graphically illustrated. These eigenfunctions
form a basis of an infinite-dimensional module over bicomplex numbers, and this module can be
given the structure of a bicomplex Hilbert space.
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INTRODUCTION

The mathematical structure of quantum mechanics consists in Hilbert spaces defined
over the field of complex numbers [1]. This structure has been extremely successful
in explaining a bewildering amount of experimental data. Yet it seems that there is no
compelling argument restricting the number system on which quantum mechanics is
built to C. It has been pointed out long ago [2] that quantum mechanics can be extended
to quaternions (H), a proposal that has since been developed substantially [3].

Complex numbers and quaternions are both division algebras, which means that nei-
ther on C nor on H can one find products of nonzero numbers that vanish. Moreover,
on both C and H one can define a norm so that N(ww′) = N(w)N(w′). This property
is particularly useful to represent quantum-mechanical probabilities and the correspon-
dence principle with classical mechanics. Yet one can ask whether it is possible to extend
quantum mechanics, or at least part of it, to number systems that don’t obey it. Several
possibilities have been considered but we will focus here on the system of bicomplex
numbers [4].

Bicomplex quantum mechanics was first investigated in [5, 6]. Motivated by these
results, we examined the specific problem of the bicomplex quantum harmonic os-
cillator and were able to obtain eigenvalues and eigenfunctions in full generality [7].
This was then put in proper mathematical context through an investigation of finite-
dimensional [8] and infinite-dimensional [9] bicomplex Hilbert spaces and modules. The
purpose of this paper is to present an overview of these results, with special emphasis
on the harmonic oscillator eigenfunctions and the kind of Hilbert space they generate.



BICOMPLEX NUMBERS AND MODULES

This section summarizes basic properties of bicomplex numbers and finite-dimensional
modules defined over them. Proofs and additional material can be found in [4, 6, 8, 10].

Quaternions and bicomplex numbers

Bicomplex numbers (T) can be introduced through comparison with the better known
quaternions. A quaternion q is defined in terms of four real numbers q0, q1, q2, and q3
as

q = q0 +q1e1 +q2e2 +q3e3, (1)

where e1, e2, and e3 are three units satisfying the following product rule:

eie j =−δi j +∑
k

εi jkek. (2)

Here δi j is the Kronecker delta and εi jk is the totally antisymmetric Levi-Civita symbol.
The set of all quaternions is a noncommutative field and it makes up a division algebra.

A bicomplex number w is also defined in terms of four real numbers w0, w1, w2, and
w3 as

w = w0 +w1i1 +w2i2 +w3j. (3)

Here i1, i2, and j are three commutative units satisfying the following product rule:

(i1)2 =−1 = (i2)2, j2 = 1, i1i2 = j, i1j =−i2, i2j =−i1. (4)

By contrast with H, the set T in a commutative ring that does not make up a division
algebra.

Bicomplex algebra

Two subalgebras of T are isomorphic with the complex numbers. The first one,
denoted by C(i1), contains all w such that w = w0 + w1i1. The second one, C(i2),
contains all w = w0 + w2i2. A third subalgebra of T, denoted by D, contains all w
such that w = w0 + w3j. These are the so-called hyperbolic numbers. The set D has
an important subset D+, where w0 and w3 are both non-negative.

Bicomplex algebra is considerably simplified by the introduction of two bicomplex
numbers e1 and e2 defined as

e1 =
1+ j

2
, e2 =

1− j
2

. (5)

One easily checks that

(e1)
2 = e1, (e2)

2 = e2, e1 + e2 = 1, e1e2 = 0. (6)



The last of (6) illustrates the fact that T is not a division algebra.
Any w∈T can be written uniquely as w= z1e1+z2e2 with z1,z2 ∈C(i1). The complex

numbers z1 and z2 are called the idempotent projections of w. A bicomplex number w
such that either z1 = 0 or z2 = 0 is said to be in the null cone, and such a w has no
multiplicative inverse. One can show that (for any polynomial Q)

Q(w) = e1Q(z1)+ e2Q(z2), (7)
exp(w) = e1 exp(z1)+ e2 exp(z2), (8)

n
√

w = e1 n
√

z1 + e2 n
√

z2. (9)

The algebra of bicomplex numbers is in fact isomorphic with the algebra of complex
two-dimensional diagonal matrices.

The conjugate of a bicomplex number can be defined in several ways [10]. The
definition most useful for our purposes is the following:

w† = z̄1e1 + z̄2e2. (10)

Here z̄1 and z̄2 are the usual complex conjugates of z1 and z2. Note that for any w, the
product ww† = z1z̄1e1 + z2z̄2e2 belongs to D+. We define the modulus of w as

|w|= 1√
2

√
z1z̄1 + z2z̄2 . (11)

Clearly, |w| ≥ 0 and |w|= 0 if and only if w = 0. One can show that

|w+w′| ≤ |w|+ |w′|, |ww′| ≤
√

2 |w| |w′|, (12)

but in general |ww′| 6= |w| |w′|. Nor is |ww†| in general equal to |w|2, which means that
the bicomplex algebra T is not a C∗-algebra.

Modules, scalar product and linear operators

A module is just like a vector space, but it is defined over a ring instead of a field.
A T-module is defined as a module over T. Let M be a T-module. We will use the ket
notation |ψ〉 to denote a generic element of M. Note that |ψ〉 is not a vector, since vector
spaces are defined over fields. However, one can show that any |ψ〉 can be decomposed
uniquely as

|ψ〉= e1|ψ〉+ e2|ψ〉 ≡ |ψ〉1 + |ψ〉2. (13)

Henceforth a bold index will always denote a quantity that results from multiplication
by e1 or e2, and therefore satisfies ek|ψ〉k = |ψ〉k (k = 1,2). The set of all |ψ〉1 makes
up a genuine vector space over C(i1), and similarly with the set of all |ψ〉2.

A bicomplex scalar (or inner) product maps two arbitrary kets |ψ〉 and |φ〉 into a
bicomplex number (|ψ〉, |φ〉), so that the following always holds (for any s in T):

1. (|ψ〉, |φ〉+ |χ〉) = (|ψ〉, |φ〉)+(|ψ〉, |χ〉) ;



2. (|ψ〉,s|φ〉) = s(|ψ〉, |φ〉) ;
3. (|ψ〉, |φ〉) = (|φ〉, |ψ〉)† ;
4. (|ψ〉, |ψ〉) ∈ D+ and (|ψ〉, |ψ〉) = 0 iff |ψ〉= 0 .

A linear operator is defined so that (for any s and t in T)

A(s|ψ〉+ t|φ〉) = sA|ψ〉+ tA|φ〉. (14)

Linear operators can be decomposed uniquely as A = e1A+e2A = A1+A2, and one can
show that

A|ψ〉= A1|ψ〉1 +A2|ψ〉2. (15)

The adjoint A∗ of a linear operator A is the unique operator such that for any kets |ψ〉
and |φ〉,

(|ψ〉,A|φ〉) = (A∗|ψ〉, |φ〉). (16)

In finite-dimensional modules, the adjoint is always defined. A self-adjoint operator is
an operator that coincides with its adjoint. One can show [6, 8] that in finite-dimensional
modules, eigenvalues of a self-adjoint operator are hyperbolic numbers, and eigenkets
are orthogonal if associated eigenvalues differ in both idempotent projections.

BICOMPLEX HARMONIC OSCILLATOR

The Hamiltonian of the standard quantum harmonic oscillator is defined as [11]

H =
1

2m
P2 +

1
2

mω
2X2, (17)

where m and ω are positive real numbers and X and P are self-adjoint operators satisfy-
ing a canonical commutation relation.

The most straightforward generalization to bicomplex numbers consists in taking X
and P as self-adjoint operators acting in a T-module, and satisfying the commutation
relation

[X ,P] = i1h̄ξ I, (18)

with ξ ∈T. The self-adjointness of X and P requires that ξ ∈D, that is, ξ = ξ1e1+ξ2e2,
with ξ1 and ξ2 real. One can show [7] that rescaling X and P and redefining m and ω

can make both ξ1 and ξ2 positive and can make one of them (but not both) equal to 1.
Without loss of generality then, we let ξ1 > 0 and ξ2 > 0.

We now proceed to obtain eigenvalues and eigenkets of the bicomplex Hamiltonian
H, following the constructive method used in [7].

Creation and annihilation operators

Just as in the standard case, we define an operator A and its adjoint A∗ as

A =
1√

2mh̄ω
(mωX + i1P), A∗ =

1√
2mh̄ω

(mωX− i1P). (19)



In terms of A and A∗ the Hamiltonian becomes

H = h̄ω

(
A∗A+

ξ

2
I
)
= h̄ω

(
AA∗− ξ

2
I
)
. (20)

The following commutation relations can easily be verified:

[A,A∗] = ξ I, [H,A] =−h̄ωξ A, [H,A∗] = h̄ωξ A∗. (21)

Eigenvalue equation

The eigenvalue equation for the Hamiltonian can be written as H|E〉= E|E〉. To solve
it, we will use the idempotent decomposition of bicomplex numbers, kets, and operators
introduced before. We write

H = e1H + e2H = H1 +H2, (22)
E = e1E + e2E = E1 +E2, (23)
|E〉= e1|E〉+ e2|E〉= |E〉1 + |E〉2. (24)

One can easily show that

H1|E〉1 = E1|E〉1, H2|E〉2 = E2|E〉2. (25)

Moreover, all previous relations such as the definition of H, A, and A∗ as well as the
commutation relations project on 1 and 2.

By an argument similar to the one used in the case of the standard harmonic oscillator,
one can show that

HkAl
k|E〉k = (Ek− lh̄ωξk)Al

k|E〉k, (26)

Hk(A∗k)
l|E〉k = (Ek + lh̄ωξk)(A∗k)

l|E〉k. (27)

From a given projected eigenket, this generates new projected eigenkets with lower or
higher projected eigenvalues. This justifies calling A an annihilation and A∗ a creation
operator. One can also show that(

Al+1
k |E〉k,A

l+1
k |E〉k

)
=

{
Ek
h̄ω
−
(

l +
1
2

)
ξk

}(
Al

k|E〉k,Al
k|E〉k

)
. (28)

Equation (28) implies that the lowering of eigenvalues cannot go on forever, for other-
wise the scalar product will no longer be in D+.

Hence there must exist a ket |φ0〉k such that

Ak|φ0〉k = 0. (29)

Making use of the projection of (20), one easily shows that

Hk|φ0〉k =
1
2

h̄ωξk|φ0〉k. (30)



Let us now define

|φl〉1 =
1√
l!ξ l

1

(A∗1)
l|φ0〉1, |φl〉2 =

1√
l!ξ l

2

(A∗2)
l|φ0〉2. (31)

Letting
|φl〉= |φl〉1 + |φl〉2, (32)

one finds that
H|φl〉= (l +1/2)h̄ωξ |φl〉. (33)

Defining a ket |ψ〉 as normalized if (|ψ〉, |ψ〉) = 1, one can show [7] that |φl〉 is
normalized if |φ0〉 is. Operators A and A∗ act on |φl〉 as

A∗|φl〉=
√
(l +1)ξ |φl+1〉, A|φl〉=

√
lξ |φl−1〉. (34)

The most general eigenket of H is given by

|φ〉= wl1|φl〉1 +wl′2|φl′〉2, (35)

where wl1 and wl′2 are arbitrary complex numbers. This eigenket corresponds to the
eigenvalue

λ = h̄ω

{(
l +

1
2

)
ξ1e1 +

(
l′+

1
2

)
ξ2e2

}
. (36)

For general eigenkets of H to be orthogonal, it is not enough that eigenvalues be
different. Both l and l′ must be different.

It was shown in [7] that the set of all finite linear combinations of kets |φl〉, with
bicomplex coefficients, is an infinite-dimensional free T-module.

Eigenfunctions

A bicomplex function of a real variable can be defined as

u(x) = e1u1(x)+ e2u2(x), (37)

where u1 and u2 are C(i1)-valued functions defined in an appropriate function space. A
scalar product can be specified as

(u,v) =
∫

∞

−∞

u†(x)v(x)dx

=
∫

∞

−∞

[e1ū1(x)v1(x)+ e2ū2(x)v2(x)]dx. (38)

Operators X and P can be realized on the function space as

X{u(x)}= xu(x), P{u(x)}=−i1h̄ξ
du(x)

dx
. (39)



The Hamiltonian (17) then becomes a differential operator acting in the function space.
One can show [7] that the normalized eigenfunction of H corresponding to the eigen-

ket (32) is given by

φl(x) = e1

[√
mω

π h̄ξ1

1
2ll!

]1/2

e−θ 2
1 /2Hl(θ1)+ e2

[√
mω

π h̄ξ2

1
2ll!

]1/2

e−θ 2
2 /2Hl(θ2), (40)

where the Hl are Hermite polynomials and

θ1 =

√
mω

h̄ξ1
x, θ2 =

√
mω

h̄ξ2
x. (41)

Letting
θ = e1θ1 + e2θ2, Hl(θ) = e1Hl(θ1)+ e2Hl(θ2), (42)

and making use of (7)–(9), one finds that

φl(x) =
[√

mω

π h̄ξ

1
2ll!

]1/2

e−θ 2/2Hl(θ). (43)

The eigenfunction φl(x) is thus expressed purely in terms of bicomplex numbers, the
exponential function, and a bicomplex Hermite polynomial.

To the general eigenket (35) corresponds the following eigenfunction:

φ(x) =
[mω

π h̄

]1/4

e1
wl1e−θ 2

1 /2√
2ll!
√

ξ1

Hl(θ1)+ e2
wl′2e−θ 2

2 /2√
2l′(l′)!

√
ξ2

Hl′(θ2)

 . (44)

The function φ(x) is normalized, i.e. (φ ,φ) = 1, if

|wl1|2e1 + |wl′2|2e2 = 1. (45)

This means that |wl1| = 1 = |wl′2|. From the properties of real Hermite polynomials,
one can show that two functions φ(x) associated with eigenvalues that differ in both
idempotent projections, are orthogonal.

Representation of eigenfunctions

It is instructive to plot some of the functions given in (44). At this stage we do not
suggest any specific physical interpretation of the bicomplex eigenfunctions. However,
it is useful to see how the standard quantum harmonic oscillator is embedded in the
bicomplex harmonic oscillator. In all plots we let wl1 = 1 = wl′2, ξ1 = 1, and we take as
independent variable y =

√
mω/h̄ x. Dashed lines represent the real part of φ while

dotted lines represent the hyperbolic part (i.e. the factor of j). Solid lines represent
the function |φ |2, where | · | is the modulus defined in (11). The normalization factor
(mω/h̄)1/4 is omitted.
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FIGURE 1. Eigenfunction (44) for wl1 = 1 = wl′2 and ξ1 = 1 = ξ2. Left: l = 1 = l′. Right: l = 1, l′ = 2.
Dashed, dotted, and solid lines represent, respectively, the real part of φ , the hyperbolic part of φ , and
|φ |2.

In Fig. 1 we let ξ2 = 1. On the left-hand side l = 1 = l′. The hyperbolic part of φ then
vanishes and the real part is equal to the second lowest eigenfunction of the standard
harmonic oscillator. On the right-hand side l = 1 and l′ = 2. There is a nonvanishing
hyperbolic part in spite of the fact that ξ = e1ξ1+e2ξ2 = 1, that is, even if X and P have
the usual quantum-mechanical commutation relations.

In all cases where ξ1 = 1 = ξ2 and l = l′, we recover the usual harmonic oscillator
eigenfunctions. But these can also be recovered in a different way. One can write
wl1 = 1 and wl′2 = 0 in (44), in which case the factor of e1 coincides with the standard
eigenfunction.
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FIGURE 2. Eigenfunction (44) for wl1 = 1 = wl′2 and ξ1 = 1 6= ξ2. Left: ξ2 = 0.1, l = 1, l′ = 2, and
lines with the same meaning as in Fig. 1. Right: |φ |2 for 0 < ξ2 < 2, l = 0, l′ = 6.



Figure 2 displays cases where ξ2 6= ξ1, and therefore where the canonical commuta-
tion relations are irreducibly bicomplex. On the left-hand side, ξ2 = 0.1, l = 1 and l′= 2.
The right-hand side shows a three-dimensional plot illustrating the variation of |φ |2 with
ξ2 for fixed ξ1, with l = 0 and l′ = 6.

BICOMPLEX HILBERT SPACES

It is well-known [12] that the set of all eigenfunctions of the standard harmonic oscillator
Hamiltonian makes up an orthonormal basis of the Hilbert space L2(R). This property
generalizes to the bicomplex harmonic oscillator. The argument is summarized here by
means of definitions and theorems, whose proofs can be found in [9].

Definition 1 Let M be a T-module. For k = 1,2, we define Vk as the set of all elements
of the form ek|ψ〉, with |ψ〉 ∈M. Succinctly, V1 = e1M and V2 = e2M.

Theorem 1 The T-module M can be viewed as a vector space M′ over C(i1), and
M′ =V1⊕V2.

Definition 2 Let M be a T-module and let M′ be the associated vector space. We say
that ‖ · ‖ : M −→ R is a T-norm on M if the following holds:

1. ‖ · ‖ : M′ −→ R is a norm;
2.
∥∥w · |ψ〉

∥∥≤√2 |w| ·
∥∥|ψ〉∥∥, ∀w ∈ T, ∀|ψ〉 ∈M.

Theorem 2 A bicomplex scalar product induces a T-norm defined as ‖ · ‖=
∣∣√(·, ·)

∣∣.
Definition 3 Let M be a T-module and let (·, ·) be a bicomplex scalar product defined
on M. The space {M,(·, ·)} is called a T-inner product space.

Definition 4 A bicomplex Hilbert space is a T-inner product space M which is complete
with respect to the induced T-norm.

Theorem 3 Let {M,(·, ·)} be a bicomplex T-inner product space, and let the induced
space Vk (k = 1,2) be complete with respect to the C(i1)-valued inner product specified
as the idempotent projection of (·, ·) restricted to Vk. Then {M,(·, ·)} is a bicomplex
Hilbert space.

Definition 5 The bicomplex harmonic oscillator function space, denoted by MHO, is
defined as the set of all functions u(x), given in (37), where u1(x) and u2(x) are standard
harmonic oscillator wave functions, that is, elements of L2(R).
Theorem 4 MHO is a bicomplex Hilbert space.

Theorem 5 Any bicomplex function u(x) in MHO can be expanded uniquely as

u(x) =
∞

∑
l=0

wlφl(x), (46)

where wl is a bicomplex number and φl(x) is the bicomplex harmonic oscillator eigen-
function given in (43).



CONCLUSION

We have shown that the problem of the quantum harmonic oscillator can be solved in the
context of bicomplex numbers, by explicitly obtaining the eigenvalues and eigenfunc-
tions of the bicomplex harmonic oscillator Hamiltonian. It is likely that other quantum-
mechanical problems, for instance the hydrogen atom, can be solved in similar ways.
The question of whether all postulates of quantum mechanics can be adapted to bicom-
plex Hilbert spaces is still open and deserves, in our opinion, a careful investigation.
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